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PREFACE 

This paper is an abstract from a thesis entitled "Secondary! 
Stresses in Framed Structures" presented by the writer to the Division 
of Science and Engineering, Carnegie Institute of Technology, as a 
partial requirement for the degree of Doctor of Engineering. In 
writing the original thesis three objects were kept in view: (1) to 
treat the subject of ^secondary stresses in a manner more logical, 
comprehensive and practical than is found elsewhere, (2) to introduce 
three new methods, two graphic and one analytic, for analyzing the 
secondary stresses, and (3) to investigate the eflFects of secondary^ 
stresses upon the design. In this paper two of the new methods 
are reproduced, with the materials entirely re-arranged and re-written. 
This is followed by a set of principles to be observed in reducing 
secondary stresses in bridge design. 

The methods for computing secondary stresses have been greatly^ 
improved in recent years. Two objections, however, still remain: 
First, the amount of time involved is often excessive, and second, the 
lack of a systematic checking device . by which the correctness of 
the various steps of procedure may be ensured. While there are 
numerous other defects, these two alone are generally suflScient to 
reduce their practical utility. Ever since the beginning of 1917 when 
the writer undertook the analysis of secondary stresses in a two-hinged 
arch, the results of which have been published in the Transactions of the 
American Society of Civil Engineers, vol. 82, p. 1104, it always 
occurred to him that there must be some method which is not only shorter 
and less cumbersome than the current ones but which also admits of a 
check. For two and a half years he has worked on the subject almost 
incessantly, striving to find some new method that will accomplish both 
the above mentioned results. At last, much to his satisfaction, the 
graphic method of deformation contour was obtained, which not only 
takes less time and checks itself, but also gives remarkably accurate 
results. Along with this method, almost contemporaneously, the 
analytic method was evolved. ' As these methods are new in their field 
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the writer has no hesitation to present them to the engineering world 
and it is his sincere hope that their usefulness be actually tested by 
further investigators. 

In conclusion, the writer wishes to express his indebtedness to 
Professors H. E. Thayer and F. M. McCuUough for suggestions 
and improvements which greatly enhance the value of the paper. 

T. E. M. 

Pittsburgh, Pa., 

December, 1919. 



The above was written at a time when the abstract was to appear 
in the papers of an engineering society. On account of the author's 
returning home in China the arrangement was not carried out and the 
printing of the abstract was delayed. After corresponding with the 
Carnegie Institute of Technology for nearly a year the decision was 
finally reached to issue this paper in pamphlet form. This explanation is 
necessary because of some slight changes made in the original preface. 

* 

T. E. M. 

Chinese. Government Engineering College, 
langshan, China, 
December, 1920. 
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INTRODUCTION 
I. THE KATUSE OF SECOITD ARY STSESS 

In an articalated trnss the members meeting at panel points may 
be connected either by pins or by stiff gasset plates. In the former 

r 

arrangement the members are more or less free to turn about their 
joints and the angles between them may vary with the deformation of 
the truss. In the latter case, however, this is impossible, as the relative 
angles between the members must remain constant. This "Rigidity of 
joints" is the principal cause of the so-called secondary stresses. 

Let a bridge truss with rigid joints be loaded in any manner. The 
various members will then change in length and the panel points will 
deflect. As the truss is made of triangles and a triangle cannot retain 
its shape after the sides have changed in length, the angles made by the 
members at the joints must also vary to accommodate the change. 
But the members cannot conform to this angle because the joints are 
rigid. The triangles must, therefore, lose their original forms and the 
sides must bend, as a result of the rotation of joints. Bending 
moments are thus produced in the members, reaching a maximum near 
the joints.* The fiber stresses resulting therefrom constitute the 
secondary stresses due to rigidity of joints. 

n. THE TWO FXTNDAMEirr AL EaUATIOXS 

To analyze secondary stresses, certain conditions must be known 
that will give equations suflScient for the total unknowns. As a bridge 
is a static structure, one condition must be derived from the equilibrium 
of forces. It being also an elastic structure, another condition may be 
obtained from the elastic properties of the material of which the bridge 
is built. These two conditions give rise to two fundamental equations 
which, as will be seen later, are sufficient for solving the total 
unknowns. 



*Taking the bending of the members into acoount, the maximum moments in 
compression members do not occur at the ends but somewhere between the ends. 
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!• The Equilibrium Equation 

Since the truss is always in static equilibrium the resulting 
moment about any panel joint must be zero.* Hence, if the members 
12, 13, 14, etc. of a truss meet at joint 1, and i£ M^^^ ^\s^ "^14^ ^^' 
are the moments of the respective members about joint 1, tftien, 

J^ia + ^18 + Mi4. +... - 0, . 
Or, in general, 2M about any joint i=s 0. 

Let / =3 secondary stress produced by 3/, 
I =3 moment of inertia of the member, 
t/ =5 extreme fiber distance from the neutral axis for the 

same member, 
S = section modulus of the member = //?/, 
Then, ilf = f Ij^ == />Si, and the above equation reduces to 

21 f 8 around any joint =: 0, (1) 

which is the first fundamental equation known as the ''equilibrium 
equation." 

2. The Deformation Equation 

As noted before, in a truss with rigid joints the deformations in 
members can not be taken care of by the change of angles, which the 
members make at the joints. On the other hand, these angles remain 
constant, and provision for deformations is made in some other way. 
Since the members are of elastic material, the simplest and easiest way 
would be to bend them; but they cannot bend without being subject to 
some outside influence and this outside influence is what produces the 
internal stress. In other words, some work must be performed on the 
member to produce this bending and as a consequence some correspond- 
ing internal work must be set up. Take, for illustration (Fig. 1) a 
beam, 12, subject to the influence of moment J/ which increases from 
at 1 to M^ at 2. (This is equivalent to a force equal to MqJL placed 
at end 1, with end 2 fixed). The effect of M^ on the beam is to rotate 
end 2. through an angle Tqi, and end 1, through an angle T^^. These 



^Eccentric mament considered as external. 



• 
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rotations are brought abo^t at the expense of an external work equal in 
amount to 1/2 M^ ^2V '^^^^ induces an internal work in the beam 
equal to 







if, r„ 



That is, the end 2 of beam 12 rotates through an angle T^i at the 
expense of an external moment Mq. 

Similarly, the bending in truss members due to rigidity of joints 
is also brought about at the expense ojE external moments which become 
internal moments when the joint is considered as a whole. This bend- 
ing may be considered as the result of two different rotations: the first 
due to the deformation of truss members and the other due to the 
rigidity of joints. Let 12, 13, 14, and 15 be four members meeting 
at joint 1, which is rigid (Fig. 2). After loading, on account of the 
deformations in members, the axis lines 12, 13, 14, etc., would have 
been displaced to 12', 13', etc. had the joint been a frictionless pin. 
The angles, 212'==£ri2, 313'= ^^ 3, etc., thus formed, are functions 
of the deformations and are different for different members. They 
could not, therefore, be actually realized in a truss with rigid joints, 
where a member is prevented from rotating relatively to the others. 
On the other hand, all the members must rotate through the same 
angle and the total rotations of members 12, 13, 14, etc., are not //jg* 
^13, etc., but jB^— £'i25 -Sj— ^13, etc., where B^ is the rotation of 
joint 1 — the same for all members. This same result may also be 
obtained by considering: first, the axes 12', 13', etc., brought back to 
their respective original positions 12, 13, etc., and then, simultaneously, 
all the axes turned through a common angle, B^» 

These rotations, as mentioned before, must be produced at the 
expense of moments, and the work thus performed on members 12, 13, 
etc., is : 
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W^i8=-|-^i8(^l-^i»).etc. 

Since By is the same for all the members at joint 1, 

j^-]^- •2(-ffi4--»^i8). etc. (6) 

Now, ^1 2 "" ^1 3 == ^^g^cs 213 — 2'13' =5 change of angle between 
members 12 and 13 as a result of the loading. This change of angle 
is a function of the primary stresses in the members and also the 
proportions of the truss. If Pjg, P13, and P23 are the unit primary 
stresses in sides 12> 13, and 23 of triangle 123 and 5^4213' ^-'lisa^ 
and ^-4 321 are the changes in angles 213, 132, and 321 of the 
triangle it can be found by calculus that 

^*-4ai8 =^ (^23 - -Pi 3) oot 132 + (P23 - Pi 2) cot 12s, 
EdA^s^ =: (Pi 2 - P23) cot 123 + (Pi 2 - Pi 3) cot 213, 

-£8-4321=^ (As - -P12) cot 213 + (Pi3 - P23) cot 132. (2) 

As the terms in equation (2) are all known, the change of angles could 

be easily computed for the truss and ^J2""^i3=^^^'^2i3> ^13 — -^14 
'=5-43 14, ®tc., are ther'efoi^e known. Substitute these values of dA for 
B in equation (b): 



Mia ■afi4 2 



8i4» e*c* W 



Since the expression for internal work includes the total work 
done on the member, not only by M^ ^ ^^ ^^^ ^ ^^ member 12 but also 
by M2 1 at end 2, the total external work on the member is 
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Tr= Tr^+ Tr„= l(Jif„2\,+ Jif., r„). 



«. <• 



and the internal \^Ork is 






. I. '■• 



where (Fig. 3) 3^ ^'Ma - 3fi, = 3f, , - -r (-^^l s + -^^ i)- . 

Substitute this valuie of Mg^ in the above equation and integrate: 

It will be seen in equation (d) that the third and fourth terms 
represent work done on ends 1 and 2 of beam 12 by moments Mj2 
and M21 respectively— by equation (a)— and the fifth term is the sum 
of Works done by JKjg on end 2 and M21 on end 1. But by Maxwell's 
theorem of reciprocal deflections the work done by JIfgi on end 1 and 
that done by M^ ^ o^ dd 2 are equal and, therefore, the difference of 
^12 ^^^ ^ 2\ ^ simply the difference of the first two terms in 
the above equation* Or, 

Wis- "'"- "2 (St ^^ 3^) )• ^ ^ 

Solving simultaneously equations (ef) and {e\ 

Similarly, Tr,3=l^(2 Jlf„-3f„). 

Substituting these values of IF in equation (c), there is obtained 
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As a means of abbreviation, a new notation, r, will now be in-> 
troduced to replace the^difference of /, as defitiedby the following 
equation : 



^ml =* 2 yin* "^ yim • 



(9) 



On account of its very frequent occurrence in later discussions, the 
value of vijn for member Im at I will bie- known as the '^ deformation 
modulus" of member Im at /. 



\ T 



Substitute r in the above equations^: 



^ip 



K 



Im 



K 



»'j» + 



ic 



plm 



Ip 



fpl ^^ ^ flp — T^ — ^Im — 



•^plm 



a 






Zp 



cT" "•'■*■ C7^, 

'^ pm ^pm f 



u 



Ip 



1 \ ^lp ^^fp?) 

situ'' o;.^} 



1 {Uu 






Solving eqnatiob (9) for /, 



fim « "^ ( 2 r,^ -f. r„i ), 



(10) 



(11) 



(12) 






(13) 



From equation (13), 



^«i -^ 3 /i„ — 2 ri^ . 



(14) 



The above equations, which form the basis of the methods developed 
in this '^.aper, are applied graphically to the " Method of Deformatjoa 
Contour *' In the Tbllo.wing sections. ] : 
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GRAPHIC ANALYSIS OF SECONDARY 

STRESSES BY THE METHOD OP 

DEFORMATION CONTOUR 

IV. FUITOAMENTAL CONCfiFTIONS 

It has been shown that when a riveted truss is deformed, the 
members constituting the truss will be bent and bending moments 
developed along their axes. The moment in any member varies from 
end to end in a linear equation* and may be represented as such by a 
straight line. Since -3f=/ S, and 8 is sl constant for the member, the 
-variation of / can also be represented by a straight line. More 
directly — if S be considered as a stress acting in the member^ and M the 
moment it produces about any pointy then the offset of the stress from tJie 
point gives the value off 

Let 12 (Fig. 8) be a member connecting joints 1 and 2, and S its 
section modulus. US be assumed as a compressive stress acting in 
this member, like the primary stress, it will produce moments at 1 and 
2 if its line of action is displaced from axis 12, and the stresses 
produced at 1 and 2 will then be represented by the ofEsets fi^^ ^^^ 
^21* Particularly, if the moments about 1 and 2 are those due to 
rigidity of joints, considering member 12 as a part of a riveted truss, 
the offsets /jg a^d /21 ^^ ^® ^^® secondary stresses. 

The line of action of $ will be known as the "secondary stress 
line," meaning that the secondary stress is given by the offset to this 
line from the axis of the member, t 

Let the above conception be extended to every member of the truss. 

, There will then be as many secondary stress lines as there are members. 

Each' line will be displaced to an extent proportional to the bending 

pfioments produced. If, therefore, the lines are so located as to 



*»" 



*Neglectmg the moment of primary stress due to deflectioivof the member from its 
straight axis. 

tFor the fiber where the secondary stress has the same sign as the moment. ; 
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satisfy the various imposed conditions as a result of the rigidity of joints 
the offsets of the secondary stress lines will give directly the secondary 
stresses. Tid^ cracepiion is fandameatal. 

The first coaditioQ tifiat the se^^ondary siraur Knee are subject to is 
that the total resulting moment around any joint must be zero. 
Graphically, tbit meaot thai i£ a force diagram be drawn of the 
secondary stress lines around any joint and an equilibrium polygon be 
likewise constructed for the joint, these two figures must respectively 
close. This, however, is impossible for the convention of seconrfary 
. stress lines adopted above because the values of Sy being constant, 
cannot be made to balance each other. Thus, in Kg. 9, stresses S12 
and Si^ cannot balance each other unless they are on the same 
straight line — a condition which is impossible. To overcome this 
difficulty, there will be introduced an external ideal force, -B, with such 
a magnitude and direction that equilibrium is maintained around the 
joint. In other words, this force must be equal to the resultant jyt the 
secondary stress lines acting on the joint but with opposite sense in 
direction. Since there can be no external moment around the joint, its 
line of action must pass through the joint in consideration. Thus in 
Fig. 9 a force JH must be introduced to balance the stresses Sj^ ^^^ 

With the conceptions of S and li thus established it is now 
possible to draw a force diagram around every joint of the truss and to 
construct from this an equilibrium polygon. If these two polygons are 
made to close, this everywhere satisfies the first condition that the sum 
of internal moments around any joint must be zero. Further, from the 
condition that the total external moment on the truss is also zero, it 
may be inferred that both the force and equilibrium polygons of 
the external ideal forces, i?, must respectively close. 

The second condition which must be satisfied by the secondary 
stress lines is evidently derived from the rigidity of joints. This i? 
accomplished by the use of the "deformation contour," a detailed 
: Ascription of which is given later. 



* < 
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V. THE EQUIUBBinM CONTOITS 

In a graphic analysis of secondary -stresses the two conditions for 
locating secondary stress lines must be satisfied siiniiltaneonsly at every 
step of the procedure. This necessitates the drawing of a great number 
'of force diagrams required for each joint of the truss, on account of the 
continuously changing positions of the secondary stress lines. From a 
practical point of view, therefore, the conception of secondary stress 
lines as established in the last section is not suitable during the process 
of construction, for a speedy method demands that the direction of iihese 
lines be kept constant and that only one force diagram be required for 
each joint. This, however, does not mean the abandonment of the 
secondary stress lines, for at the end of the procedure these lines 
must be drawn in for every member of the truss, to show the distribu- 
tion of secondary stresses. 

The lines representing forces 8 and having a fixed direction for 
each member will be called hereafter the "section lines" to distinguish 
them from the secondary stress lines. The fixed direction of these 
section lines is best chosen perpendicular to the axis of the member, for 
then the offset (equal to/) would be found along the axis. For example, 
let 8-^2 ^^^ member 12 at c. Fig. 10. Stress /^g ^® *^®" equal to 1 c, 
positive if c is between 1 and 2 and negative if on the other side of 1. 
For end 2, the same force 8i ^ '"^J ^® shifted to a point the distance 
of which from the end gives stress f^^. The direction of the section 
lines should be such that thev ^ve^ a counter clockwise moment for the 
joint whenever the value of / is positive; that is, when the lines cut the 
members somewhere between the joints. Thus, in the above example, 
the direction of the section line for end 1 should be upward and for end 
2 downward. Note that these directions are constant for both positive 
and negative values of /, being always upward for end 1, whether 
on the right or left side of end 1 — similarly for the line for 
end 2. 

Consider a joint as shown in Fig. 11. As the section moduli of 
the members are given, a force diagram may be drawn of the section 
lines, with their directions perpendicular to the respective members. 
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Since a counter clockwise moment gives a positive y, the lines for the 
successive members should form a contour around joint 1 in a counter 
clockwise direction, as shown. The closing line o£ the force diagram, 
/?, corresponds to the external ideal force, 5, for the secondary stress 
lines considered in the. preceding sectionliand must therefore he applied 
tbrqugh joint 1, for the external moment about that joint is zero* 
Since the direction of H is constant, it may be drawn on the truss 
diagram as a part of the truss. 

Since the condition of equilibrium of joints requires that the 
equilibrium polygon for section lines, 8, and external ideal force, JB, be 
closed for the joint, the stress in any one member may be found if it is 
known for all the other members meeting at the same joint. For 
example, suppose in Fig. 11 the stresses in all members are known 
except that in member 16. The section lines for members 12, 13, 14, 
jmd 15 may therefore be located from the values of /. The direction 
of the section line for member 16 is known from the force diagram and 
is seen to be upward. Its exact location on the truss may l)e found 
from an equilibrium polygon by taking some point as the pole and 
drawing the rays. To facilitate the construction, take / as the pole 
and draw the rays/fe, /^, and A/. At the intersection, r, of forces FA 
and AB, draw a line j)arallcl to /7>, meeting force BC at s. Through 
^ draw a line parallel to fc, meeting force CD at t. Through t draw 
a line parallel to fd, meeting force R=iFE at r. Then the section 
line for member 16 must pass through v. Drop a perpendicular from 
<r on side 12, the prolongation of side 16. The value of /|g is then given 
by the distance lu?. It is seen to be negative as it is on the opposite 
side of 1 from 6. 

By a similar process the stress in any member at any joint may be 
found if the stresses in all the other members meeting at the same joint 
are known. The contour formed by the lines parallel to the rays in the 
force diagram will be known as the "equilibrium contour," as prstv in 
Fig. 11. 

If there are eccentric connections at the joint the moment thus 
produced may.be taken cafe of by giving force It an offset equal to the 
mOra^ttt divided by the value of i?. 
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VI. THE DEFOBMATION CONTOTJS 

1* Deformation and Property Lines 

Consider equation (10) applied to vertex I o£ triangle />Zw2, in Fig. 12. 

As this is a linear equation connecting Vip and r^^ it may be 
represented by a straight line, at, i£ sides, Ip and Zm, are considered as 
the co-ordinate axes of ^i^ and r^^,. Positive values of tv,„ will be laid 
off toward m from I with negative values in the opposite direction. 
Similarly for Vjp. To locate the line ab the simplest method w^ould be 
to find the ijitercepts on the two axes. 

It ^m =^ 0, r^p =^ Kpim I L ip. 
If rip = 0, n^ =5 K'pin^ 'I Ui,n. 

That is, the intercepts on th(» two adjacent sides are respectively 
equal to .the value of Kptm divided by the values of U for the 
corresponding sides. The signs of the intercepts are determined by the 
fact that if K is positive the positive value of Kj U is found on the 
Mde which is first met with by passing around joint Z in a counter 
•clockwise direction; and the negative value of 'Kj U on the side next 
met with in the same direction. Accordingly the value of Kpimj Vtp is 
laid off toward jP while that of Kpim j U^m is laid off. away from m, as 
^hown. This is for positive K; if it be negative the process should be 
reversed. From the intercepts thus obtained, the straight line, ab^ may 
be located by passing through their ends. This gives the relations 
between rip and r^^ as represented by equation (10). For any value of 
Tim, to find the corresponding value of rip it is necessary only to draw a 
line from the end of segment rl„^ parallel to side Zp, and from the 
intersection of this line with ab draw a line parallel to side Im, The 
intercept thus obtained on side Ip gives the value of rip required. 

By a similar method, a line cd may be drawn to represent the 
relations between rpi and r^;„, positive values of r^i being measured from 
,p toward I and negative values awajf from L A third line, ef^ may 
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likewise be drawn for the vertex, wi, of triangle plm. It is therefore 
evident that each triangle of a truss has three lines to represent equation 
(10) and they completely determine the deformation equation of Section 
II. These lines will hence be known as the "deformation lines" for 
the vertices of the triangle and will be designated in the figure by 
a letter denoting the triangle and a numeral denoting the joint. Thus, 
K^i would designate the line which belongs to triangle A and joint 1. 

It will be seen from equation (10) that if Kpi„i *» 0, these 
deformation lines will pass througli the origin qf the axes, that is, the 
vertex of the triangle — ^joint 1 in this case. These lines will be known 
as the "property lines" of the truss since they represent the ratios of U 
which are the property of the truss. In other words, they are 
independent of the loading. 

One feature of the property lines, which deserves attention, 
is that in any triangle the three property lines must meet in one point. 
This furnishes a good check on the deformation lines as they are 
parallel to the property lines. 

% The Deformation Contour 

Suppose that, by the method just described, the deformation lines 
are constructed for all those triangles of a truss which have a common 
vertex; as, for example, those at joint 5, Fig. 13. Then, if the' value 
of r^jg be known, that of r^g may be obtained from line Kb-, by 
, drawing lines parallel to sides 53 and 52. Similarly, from the value of 
r^g thus obtained, that of r^^ may be found from line Kc^* By 
continuing the same process r^^ is eventually obtained with the aid of 
lines Kd^ and JBT^s. Hence — and this is important — if the value of the 
deformation modulus, r, of any member at any joint be known, it 
is known for all the other members at the same joint by the use of the 
deformation lines. 

In order to check the result and also close the polygon,' a 

» 

deformation line, J5l5, will be drawn for joint 5, giving the relationship 
between r^^ and r^^ considering the change in the angle that is outside 
of the truss, or the negative of the total changes in angles 352, 254, 
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456, and 657. Since both r^^ and r^^ are on the same straight line 
thip deformation line K^ could not be obtained by the usual Cartesian 
co-ordinates, but must be found as follows (see fiage 18) : Find a pair 
of corresponding values of r^j and r^^ and at the end of each segment 
draw a 45-degree line directed toward the other. These two lines will 
intersect in a point. This, with another point obtained in a similar 
manner, will then determine the deformation line K^. For a joint where 
the outside members do not lie on the same straight line, the deforma- 
tion lines may be obtained in the usual way. (See joint 2, Plate III). 

The continuous broken lines (including the two 45-degree lines), 
drawn for each joint of the truss and parallel to the members, with 
their intersection points on the deformation lines, form a closed figure 
known as the "'deformation contour." In Fig. 13 the deformation 
contour for joint 5 and r^^ is abcdefghjk. For any other value of r^g 
the deformation contour for joint 5 will be parallel to the one as shown. 
That deformation contour which gives correct values of r, and 
consequently the actual secondary stresses, is known as the "correct 
deformation contour." 

Tlie deformation contour entirely expresses the deformation 
equation of Section II, and the fact that it must close for any joint 
forms the second condition imposed on the location of the secondary 
stress lines. In the graphic analysis, therefore, the two fundamental 
equations are replaced by the closing requirements of the equilibrium and 
deformation contours. 

To fix the idea of the deformation contour it is necessary to give it* 
a value equal to the deformation modulus, r, of one of the members 
meeting at the joint. For reasons stated later this member will be 
chosen as the chord at the left side of the joint in consideration. This 
will be known as the " reference member for the deformation contour." 
Thus the value of the contour for joint 5 just considered will be 
designated by r^g, 53 being the reference membei: for joint 5. 

In order to utilize the equilibrium and deformation contours for the 
graphical analysis of secondary stresses, a relation will now be 
established which forms the basis of the method of deformation contour. 
Let a truss shown in Fig. 14 be analyzed for the secondary stresses. 
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Beginning with triangle A suppose the deformation contours for joints 
1 and 2 are known^ and let it bo required to locate the deformation 
contour for joint 3. 

From equation (14), r^^ = S/^g — ^^is^ 

where r^j is known from the given contour. 

Since /\ 3 = — (^^ ^ / S^ 3) /^ g, by equation (1) 

/i 3 ==—(^12 / ^^la) (^^'13 + ^21) / •^- ^J equation (13) 
Also, by equation. (10), ^13 ^ ^^12 "^ ^' 

w^here a and h are constants. 

Therefore, r^^ ==-(*'l2 / ^is^ (^^la + »'2l)-2(a r^^ + b). 

That is, the value of rgj may be found from r^g and r^i by a linear 
equation, or, 

^31 = ^^^12 + «^2i + i^ ^ 
where ??«, /i, and p are constants. 

Next, consider the relations between r^ 3 and r^^. By equation (14), 

^63 ^ '^35 "^ -^35* 
-^»'^e /35 =-('^83 / '^36)/82-('5l8 / 'S35)/81 

= -(^33/«85)(2'-89 + ^23)/3- 
(^13/^85)(2'-31+'-13)/3' 

1 

it is seen that r^g is a linear function of r^^ and r^i because the 
gelations between ?' 3 2 and r^^; r^g and rg^; r^^ and rg^; and r^^ and 
rgi are all linear. Therefore, 

where 7w', ?«', and p' are constants. 

Similarly, consider the relations between r^^ and r^^. 

^42 ^ ^^24 "~ -^24' 
/24 ~ ("^25/25 + ^-2:^/23 + ^'2l/til) 1^24 

= - iS^, I S^^) (2 r,, + r,,) I ^ - 
iS.,ilS,jC2r,, +r,,)/3. 
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Now ihe following relations are linear: ^35 aitd r^^', y*53 and r^ig; r^^ 

and rg^; ^33 and ^35 (and hence r^^ ^^^^ ^69^'^ ^21 ^"^ *'34'^!*'i2 ^^^'^ 
rj3 (and hence r^g and rgj, r^^ and ^g^, and fingilly r^ j and ^53)* 
Hence the relations between r^g? ^'24' "'^^ **53 are also linear and it 
follows that 

^42^ m'^ fg^ + w" ^53 + //', ' • 

where m", n", and y are constants. 

By a similar process^^ it can be shown that for any triangle of the 
truss a linear relation can always be exprssed between the values of r at 
the three vertices. In general, for any triangle phn (Fig. 7) of a truss, 

where gr, A, and k are constants and r^„ is the deformation modulus for 
the reference member of joint p. By a successive application of 
equation (15) the value of the deformation contour for any joint of the 
truss may be found from two other given contours, say r-^^ ^^^ **21* 

By the aid of equation (15) the following principle may now be 
formulated: 

"Jn any framed structure composed of triangidar elements the values 
of deformation contours for tlie joints of the structure are related to each 
oilier, hif a linear equation^ * If the least number of members entering 
into a jdint of the structure is ?i, the valuer of each of the deformation 
contours may be expressed linearly in terms of n others. In a bridge 
truss, n is generally equal to 2 so that the deformation contours of any 
three joints of the truss are connected hy a linear equation and^ by the 
process of successive substitution^ all the deformation contours of the truss 
can be made to depend, by linear expressions, on only two other de-- 
formation contours. 

The use of the above principle overcomes the necessity of solving a 
large set of simultaneous equations, which is always considered the most 
laborious part in the solution of secondary stresses. It is due to thisi 
principle that the methods presented in this paper take much less time 
than the four current solutions in general use. 



*The eflEect of the primary stress on the deflection of the member is neglected. 
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Having thus completed the necessary discussions preparatory to 
the method of deformation contour, the graphic solution may now 
be applied to the analysis of secondarj' stresses. 

Vn. GRAPHIC ANALYSIS BY THE METHOD OF 

DEFORMATION CONTOUR 

1. Graphic Representation of a Linear Eqoation 

involving Tliree Variables 

In the previous section the values of deformation contours for any 
three joints in a trues are shown to have be«m connected by a linear 
equation. If r^g, rg^, and r^i are the contours at the vertices of 
a triangle 235, Fig. 15, then, by equation (15), 

If the value of one of the variables, say rgx? be assumed constant or 
arbitrarily assigned, the other two, ^3^ and r^j, can be graphically 
represented by a straight line. This, however, implies- tliat the two 
variables are referred to two axes which are not in the same straight 
line as in the present case. Here, both r^^ and r^g are referred to line 
35. To overcome this difficulty and facilitate the construction the 
following device has been evolved. 

Find a pair of values of r^^ and r^^ connected by the above 
equation, with r^j arbitrarily assigned, and locate the points a and a' 
by making Sa^^gg and 5a'=5rgg. From a draw a line at 45 degrees 
with 35 and directed toward the right of joint 3 and below the truss. 
Similarly from a' draw a line at 45 dogre^^s with 53 and directed 
toward the left of joint 5, also below the truss. These two lines 
will intersect at a point A. Next find another pair of values 
of rgg and r^g, with the same rgj and locate the points b and ft'. 
From b and />' draw lines at 45 degrees with 35 and directed toward 
each other, intersecting at JB. Draw a straight line through A and JB. 
This line will then give the relations between r^^ and r^j for the 
assigned value of rgj. For any value of rgg, say 3o, to find the 
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corresponding value o£ r^^^ draw a line from o inclined at 45 degrees 
with 35 and directed toward end 5. Let this line intercept the line 
AB at C From C draw a line at 45 degrees with 35 and directed also 
toward 5. Let this intercept 35 at c'. Then r^^ is given by the 
segment 5c'. The above constructions can be easily proven by analytic 
geometry, as follows: 

Let the equation between r^^ and r^g with arbitrarily assigned 
value of /•21 be 

where f =^ b r^i + c = constant. Let P, Fig. 16 — the point 
obtained by the above construction with any two corresponding values 
of rgg and r^^ — be referred to 35 and 3 V as X and Y axes, so that its 
co-ordinates are x and y. From the figure, 

where r^^ and r^^ carry their own signs. Also, 

Substituting the value of r^j from (a) in (6) and eliminating r^^ 
between the resulting equation and (c) there is obtained a relation 
between .t* and 1/: 

a + 1 
a — 1 

a 4. 1 

a — 1 a — 1 

As this is a linear equation, the locus of P is a straight line. 

It is evident from equation (d) that the slope of the line is a 
function of a alone, and independent of r2i« That is, the slope of tlic 
line is constant for all the assigned values of 7*21 and may be most 
readily obtained by making r2i =5 0. This line will be known as tlie 
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*' base line" for triangle 235, for the reason that it expresses the relation 
between the r's o£ base 35 with r at the vertex of the triangle =s 0. 

When the value of r^i i^ not zero the straight line given by 
equation (d) will occupy a new position parallel to itself with the 
y-intercept given by the following ecjuation: 

b d ^ c 

p^' — T"'-^!""':; — 1 ^'^ 

a — i a — i 

which is also linear and may be represented by a straight line. To 
construct this line proceed as follows: Prolong ipeinber 23 untilit 
intersects the base line at 0^ Fig. 15. Assume a value for ^31=: 2^, 
preferably as large as possible, and by the above method find line EF 
representing the relations of r^^ and r^g for ^gi =5 2^, This line, as 
proven above, must be parallel to the base line, ^IJB. From e draw a 
line parallel to member 23 and intersect JEF at i7. Join OE. This 
line OE then gives the //-intercept p for any value of r^i* If 2^ is 
the value of r^i the intercept is found by drawing a line through g 
parallel to member 23 until it meets OE at G, and through G 
drawing a line parallel to the base line, AB, This line GH then gives 
the relation between r^^ and r^^ with r^^ =^ 2g. The line OE giving 
relations between p and rg^ at the vertex of the triangle, will be 
k^own as the "vertex line." 

To utilize the base line and vertex line in finding r^g from r^^ and 
^21 proceed as follows: Let r^^ = 2g (negative) and ^35 == 3/i. 
Through g draw a vertical line cutting the vertex line at G, Through 
G draw a line GH parallel to the base line, AB. Through h draw a 
downward, 45-degree line cutting GH at H From H draw- an 
upward, 45-degree line directed toward joint 5, cutting 35 at A'. Then 
rgg for the above values of r^^ and r^-^ is given by 5A' (negative). 
Similarly, the values of r^g for any other combinations of rgg and r^j 
may be found. 

By reversing the above process the value of r^-^ may be found 
from any given values of r^^ and r^^. For these two values, say 3A 
and 5A', respectively, determine a point, H^ by 45-degree lines and 
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througli J? draw a line parallel to the base line, cutting the vertex line 
at (?. Through G draw a vertical line cutting member 21 at <7, Then 
2g is the value of T^^ required. 

By the same method the base line and vei*tex' line may be 
constructed for any other triangle of the truss. In case the triangle 
has a base on the top chord of the truss, it is advisable to draw 
the 45-degree lines directed upward instead of downward as for 
member 35. 

As a means of standardization all the base lines will be shown by 
heavy full lines and the vertex lines by heavy dashed lines. 

2. Constructioii of Base Lines and Vertex Lines 



Since the base line is a straight line it can lie determined by two 
points. A point for the vertex line is given by the intersection of the 
base line with the Vertical member produced, so that only one more 
point is necessary for the vertex line. Theoretically, therefore, three 
points are sufficient for constructing both the base liiK^ and the vertex 
line. For practical purposes, however, it is advisable to find one more 
point for each of the two lines — both as a check and as a means 
of improving the accuracy of the results. These points may be so 
chosen as to require the least amount of work. 

Let the base and vertex lines be constructed for a truss as shoyvn 
in Fig. 17. This is a Warren truss with verticals but the method 
\» applicable to all kinds of trusses, the only difference. being found in 
the order of procedure. This is governed by the numlxT of members 
meeting at the joints. It is well to remark here that the base of 
a triangle is always chosen ais the member which forms the outline of 
the truss. 

(1) Base Line and Vertex Line for Triangle A 

Here, either member 12 or 13 may be chosen as the base. While 
only one is necessary in the solution of the truss, it is advisable to have 
another in order to check the final results. 
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(a) Member 13 as Base 

Since the vertex for triangle A is joint 2, the base line is obtained 
by taking r^i == 0, as 21 is the reference memW for joint 2. To 
construct this base line three i)oints are necessary and these are 
determined by the corresponding values of r^g and r^^ connected by 
equation (14). The detailed process is iis follows. Assume a value for 
rj3 and complete the deformation contour for joint 1, giving r^^* 
Also, for rgi =: 0, complete the deformation contour for joint 2, giving 
^21' ^'as' **259 ^^^ ^24- From the values of r^^ and r^^ the stress /^^ 
may be found by equation (13). Since equation (14) calls for 3/jg it 
must be found from f^^. This is best done by laying oflE ^r^^ + ^21 
from joint 1 — careful attention being given to the signs — and complet- 
ing the equilibrium contour for joint 1, obtaining 8/^3. From S/j^ 
subtract 2rj3 and the diflEerence will })e Tg^. 

The value of rg^ thus obtained, together with the assumed value of 
^13, determines a point for the base line, use being made of the 45- 
degree lines as described in the previous article. By a similar process, 
3till keeping r^^ =5 0, two more points may be obtained which, together 
with the one previously found, must lie on the same straight line. 
This gives the base line, ofc, required. 

To find the vertex line corresponding to the base line just found, 
keep one of the assumed values of t^ 3 as a constant and find a pair of 
values of r^i ^'^^ ^31 which correspond. To do this, first give to rgi 
a value which is fairly large and complete the deformation contour for 
joint 2 with this value of r^^. The contour for r^^ has already been, 
drawn for constructing the base line so that r^^ and r^^ are know^n. 
From these contours obtain 2 r^g + ^21 "^ ^12 ^"^ from 3/^2 obtain 
3/23. Subtracting 2rj3 from 3/^3, rg^ is obtained. This-rg^ and the 
assumed r^^ determine a point. Keeping the value of r^^ constant, 
find another pair of values of t^^ and 7*3 j, determining anothef point. 
These two points must lie on a straight line, cd, that is parallel to the 
base line. Through the end of segment r^^ ^^^ assumed, draw a 
vertical line cutting cd at c. Let the base line, 06, cut member 23 
produced at a. Join oc. This, then, is the vertex line required. 



SECONDARY STRESSES IN BRIDGE TRUSSES 23 

These base line and vertex line are indicated in the figure, as 
"Triangle A, Base 13." 

(b) Member 12 as Base 

Here, joint 3 is the vertex of the triangle and the base line is 
obtained by taking rg^ =s 0, as 31 is the reference member for joint 3, 
To find a pair of values of r^^ and r^j, first assume a value for rjj. 
For this r^^ complete the deformation contour for joint 1, obtaining 
rjg. Find 3/^^ t= 2rjg + v^y ^ -*'i3' Construct an equilibrium 
contour for joint 1, and 3/^2 ^^ found from 3/jg. From 3/^^ and 
2rj29 *^^ value of r^j is obtained. This r^^ **^^*1 ^^^ assumed r^^ 
determine a point on the base line, use being made of the lines inclined 
at 45 degrees with member 12. Similarly, two more points may be 
obtained and the base line, ef^ is completely known. Find the 
intersection of this line with a line drawn through joint 3 and 
perpendicular to member 12, at e. 

To locate the vertex lino, assign a fairly large value to r^^ ^"^> 
keeping it constant, obtain two pairs of corresponding values of r^^ ^^^ 
ri2« These two points must lie on a line, gh^ parallel to ef. Find the 
intersection, g^ of this line, gh^ with a perpendicular to member 12 
through the end of segment rgj, assumed. The vertex line is then 
given by a line drawn through points e and g. 

These base line and vertex line are indicated in the figure, as 
"Triangle A, Base 12." 

To find the corresponding values of r^j ^R^ ^21 ^^^ ^^y assumed 
value of rgj drop a perpendicular to 12 from the end of segment rgj 
and find the intersection, g^ of this perpendicular with the vertex line, 
eg. Draw a line through g parallel to the base line, ef. This line then 
gives the relations between r^^ ^"^ ^21 ^^^ ^^^ assumed rg^, the 
corresponding values being given by 45-degree lines. 

(2) Base Line and Vertex Liine for Triangle B 

The base for triangle B is member 35, and the vertex, is joint 2, 
so that the base line is obtained by malving rjj = 0, the deformation 
eonflour tor which has already been drawn. As before, assume a A-alue 
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for 1*3^ and find the corresponding value for r^^. These two values 
will determine a point on the base line. On acsount of the greater 
number of members entering into joint 3 the processs is a little more 
complicated than for triangle A but the principle will be the same. 

For the assumed value of r^^ construct a deformation contour for 
joint 3, giveing r^^ and rgj. Since the value of r^^ depends on that 
of /gg, which, in turn, depends on f^^ and /g^, or indirectly, on rg^, 
^23? ^31 «'ind r^g, it is necessary to find the value of r^^ for the 
corresponding values of r^^ and rgj, as r^g, r^^ and rg^ are all known. 
To obtain this r^g, use is to be made of the base line and vertex line 
for triangle A, base 13, precisely as previously explained. For this 
reason it is advisable to choose r^i = instead of ^33 = for this 
triangle, for then the base line for triangle A can be used. 'Now that 
the values of r for members 13 and 23 are known, the sums 2 r^^ -f- 
^23 =5 3/32, and 2^3 J -f- r^g =: 3/3 j, may be obtained and the value 
of 3/35 obtained from an eq*uilibrium contour for joint 3. Then, r^^ is 
found fi'om the difference of 3/3 g and 2r^^, These corresponding 
values of 7*35 and r^^ determine a point on the base line for triangle J?. 
-Similarly, two more points may be obtained and the base line is 
completely known. For the vertex line, give rg^ a value which is 
fairly large — preferably the same value used in constructing the vertex 
line for triangle A^ base 13. This changed value of r^^ affects r23 
directly and tj^ indirectly, for then the base line for triangle A, cannot 
be used in finding r^^^ from r^^ and rgj. Instead, the vertex line for 
triangle A should be used for the assumed value of r^^. With this 
exception, the remainder of the method is the same as already described. 

(3) Base Line and Yeirtex Line for Triangle C 

The base for trijmgle Cis member 24, and the vertex is joint 5. 
The base line is therefore obtainted by making ^53=5=0. Since the 
value of r^2 Jep^nd^ on 3 /24 and 2 r24, the latter being arbitrarily 
assigned, it is necessary to find /24, or indirectly, /gs, fo^^ and /2i» 
These values of/ are found from r2 5 and r^2i ^*2 3 ^^^ ^3 2 5 arid r^i 
arid Tj 2« The deformation contour for joint 2 for the assumed ^34. 
gives r255 7*23, and rgi, while that for joint 5 with ^53=^0 gives ^5 2- 
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The only r^s unknown, tliorefore, are rgg «wd ^^2' ^^ ^"^ *'s2' ^^^^ 
obtain r^^ from the base line and vertex line for triangle J5, from rgj 
•and rggsssO, then complete the deformation contour for joint 3 
for this valne of r^y The contour will then give rgg. Lastly, the 
value of v^q is found from r^g, which, in turn, is found from the base 
line and vertex line for triangle A, where Vqi imd rg^ are known. 
With these values of r known, 3/259 ^ f23^ ^"^ ^ f2i ^^7 ^^ obtained 
by addition, and 3 f^^ by an equilibrium contour for joint 2. The 
resultant, 3 /24, then furnishes r^^ for the assumed 2 7*24. These 
two. values of r determine a point on the base line for triangle G 
By a similar method two more points may be obtained, still keeping 
^5 3=0, and the base line is then completely located. As a means of 
facilitating the construction it is well to have one value of 7'24 which 
will give r 21=^0. 

The vertex line for triangle Cis obtained in much the same way 
as for triangles A and B, 

By a similar process the base lines and vertex lines could be 
located for all the triangles of the truss. For a triangle like JE?, where 
five members enter into joint 5, the process is necessarily complicated 
but that is about the extreme case that is likely to occur in ordinary 
trusses.* 

It will be found in practice that, with the exception of the 
triangles at the two ends of the truss, the base line and the vertex line 
are always very close together and in many cases the vertex lines could 
be omitted entirely. In this case the base line. is to be used for all 
values of r at the vertex. 

For a symmetrical truss with symmetrical loading the base line 

and the vertex line need be constructed for only one half of the truss, as 

for the other half they are identical in form. If the truss or the loading, 

or both, are not symmetrical the base line and the vertex line must be 

' obtained for every triangle of the truss. 



*The amount of work required is proportional only to the number of members 
entering the joint, and not to the size of the truss. 
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A few \yords are now necessary regarding the selection of the 
reference members. They are seen to be the chord members, end posts 
included, that are at the left side of the joints under consideration* 
This is due to the fact that the above process of constructing base lines 
and vertex lines advances from left to right and only a part of the 
deformation contour that is on the left side of the joint need be 
constructed. 

3* Solution of the Problem 

Let the base lines and vertex lines for all the triangles of the truss 
be constructed by the methods of the previous article. At the right 
end of the truss there are then drawn the base lines and vertex lines for 
triangles JB', C, etc. For triangle A* three sets of base and vertex lines 
are drawn; first, for side W as base; second, for side 1'2' as base, 
considering equilibrium about joint 1'; and, third, also 1'2' as base but 
considering equilibrium about joint 2'. These three sets of lines are 
indicated as 1'3', l'2'j„ and V2\f in the figure. Since they all 
represent the same relations among ^'g,!,, ^'i/j/) and ^2/1^ they may be 
used for solving the three unknowns as, analytically, they represent 
three equations. To perform this solution, first assume a value for fg^j^ 
and apply it to sets l'2'i^ and V2\,^ giving two lines parallel to their 
respective base lines. These two lines intersect at a point which wall 
give a pair of values of r^^g/ «^d r^^-^f for the assumed r^f^,. Next apply 
to set W the values of r^j^^ and r^ixt thus found, and find the cor- 
responding value of rg,!,. This value should check with that previously 
assumed; if not, another trial may be made. Repeat the process until 
the values of rg,^,, r^^jr '^'^^ t^^^^ all satisfy the three sets of base and 
vertex lines. The^ie are the values that will give the correct 
secondary stresses. From the value of r^^j,, that of r^,^^ may be 
found from a deformation contour for joint 2'. Similarly, the value 
of T^f^, may be found from rg^j, by a deformation contour for 
joint 3'. These two contours are the correct deformation contours 
for the problem, since from them the correct secondary stresses 
nuiy be obtained. From the values of T^f^f and ^5,5^, that of 
rg,g/ may be obtained from the base line and vertex line for triangle 
B\ and, consequently, the correct deformation contour for joint 5'. 
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Repeating the process the correct contours arie obtained for all the 
joints o£ the truss. To check the accuracy o£ the results the values of 
rgj, ^igv ^'ttd rgi must satisfy the base line and vertex line for 
triangle A with member 12 as base, as this set of lines has not been 
used in constructing the correct deformation contours. This insures 
the correctness of every step in the procedure and is one" of the 
important features of the method of deformation contour. 

From the correct deformation contours the actual secondary 
stresses may be found by equation (13). This may be accomplished 
graphically by adding to segment ri^ of member In a distance equal 
^o ^j»i pl^s Tnh with proper signs, and measuring off the resulting 
segment with a scale three times as large- as that used for r. 
It will be seen that on account of the large scale used for measuring 
y, the result could be read in three significant figures — a result accurate 
enough for all practical purposes. 

When the loading and truss are symmetrical, the stresses at the 
two ends of the member of symmetry will be zero, hence the values 
of r at those two ends are also zero. This locates two correct de- 
formation contours for the two joints of symmetry, from which the 
problem may be solved as before. 

To obtain a clearer, view of the distribution of secondary stresses 
in thfe, truss, and also the way they affect each other, it is advisable to 
draw in the secondary stress lines for the different members and their 
force diagram, as mentioned in Section IV. 

4. Checks 

7'he following checks are found in this method of deformation 
contour : 

(1) ' la constructing the values of K, the sum of the K's in each 
triangle must be ziero. 

(2) All the property lines in a triangle must meet iri one point. 

(3) All the deformation lines must be parallel to the property 
lines in the same triangle, 

(4) All deformation contours must close for any viilue of r. 
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(5) All equilibrium contours must close. 

(6) The base line and vertex line for any triangle arc checked by 
constructing one extra point for each line. These extra points must lie 
on the respective lines. 

(7) The correct deformation contours are checked by the base 
line and vertex line for the end triangle of the truss, with the end post 
as base. 

(8) For any joint of the truss the equilibrium polygon for the 
secondary stress lines, 8y and external ideal force, i?, must close. 

YUL DETAILS OF GBAFHICAL CONSTBUCnOF 

The details of graphical construction for figures discussed in 
previous sections will now be given. To obtain a clearer view of the 
methods, constant references should be made to the drawings shown in 
Plate III. 

t Fteliminary Coiudderatioiui 

(a) Scale 

From equations (6) and (9) it is evident that both / and r are of 
the same dimensional degree a.s that of K/U^ or (6JP dA) /(L/jf)^ and 
the values of / and r should be measured ofE by a scale the same as the 
one used in constructing the deformation lines. Since £ is always 
expressed in feet and y in inches, L and y may be represented by the 
same unit if 6E 8A is changed into 1/2 HdA. Hence, with the 
understanding that y is expressed in inches but represented as if it 
were given in feet, the value of K should be understood as E SAj 2, 
instead of 6E SA. This modified value of K will be used throughout the 
example worked out in next section. As the value of E iA is found 
from the primary stresses by equation (2) the value of JRT will be given 
directly if only one half of the primary stress is considered. 

The scale of /S, the section modulus, used in constructing force 
diagrams may be anything independent of /, as it is only the direction 
that is required. 
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(b) Sign 

In the present paper there are two instances where a conception 
of sign is necessary. One is rotational and the other is linear. The 
first applies to moments, angles, circular sections, and directions of 
contours while the second applies to the secondary stress lines, their 
offsets, y, deformation moduli, r, and the co-ordinates of variable.^. 
The rotational direction will always be considered positive if it is 
counter clochcise. For linear directions, with the exception of secon- 
dary stress lines and their offsets, a segment ax (Fig. 18) measured on 
the line cb from a to a?, is always positive if x is laid off from a toward 
6, whether x is inside of ab or outside of 6, in the latter case nx is 
greater than ab. Should ojx bo laid off from a away from b the 
segment will be negative. Similarly, if x is measured from h. 

For the sake of uniformity all secondary stress lines will be 
considered as compressive stresses in the members. Under this con- 
vention if the lines in members 12 and 13 are as shown in Fig. 1^ 
/j2 ^'^^/2i ^^^^ ^^ negative (the moment is clockwise about 1 and 
also about 2) and f^^ and f^^ will bo positive (the moments about 1 
and 3 are counter clockwise). Henco, if the positions of secondary, 
stress lines are known, both the sign and magnitude of / are at once 
determined. The value of / is f <)r that fiber of the member where the 
stress has the same sign as the moment. 

(c) Tbuss Diagrams 

Two truss diagrams are necessary in this method. One of thorn 
is used to record the given information and to construct the values of 
K while the other is for the deformation lines and the solution of the 
truss. On each of these diagrams there should be drawn certain 
figures that are preparatory to the analysis: namely, the "y-circles" 
and "J7-lines" for the first diagram and the property lines for th(». 
second diagram. 

The ^-circle is drawn at the end of a member, with a radius equal 
to the value of y of the member and measured off with a scale equal to 
that used in constructing the truss diagram in feet, althoagh the value 
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of y is expressed in inches. From the other end of the member draw 
a line tangent to this circle. Jhh line will give the ratio of i/y=5 U 
and will be known as the U-line, To find the ratio of K/U if K is 
known, lay off a s<Bgment equal to jBTfrom the end of the member from 
which the Z7-line is drawn. At the end of segment K draw a circle 
tangent to the ?7-line. The radius of this circle then gives the ratio 
cequired. 

To construct the property lines in the second truss diagram, use 
is made of the Z7-lines in the first diagram. Suppose the property 
line in triangle A and joint 1 is required (Plate III). On the first 
diagram where the ?7-lines are drawn describe any are with joint 1 as 
center, cutting member 12 at a and meniber 13 at b. It is pre- 
ferable to make the radius of the arc as large as possible in order to 
secure accuracy. With a and 6 as centers draw two arcs tangent to the 
respective [7-lines. Let the. radius having a as center be called Wjg 
and that having 6 as center be called 1*13. On the second truss 
diagram, in triangle A^ lay off the segment tt^g on side 13 (not side 
12), letting the end point be c. With c as center draw an arc with 
radius equal to iii^. Through draw a line parallel to side 13 cutting 
the arc at d. Join d to joint 1. This, then, is the required property 
line for triangle -4, joint 1. Similary, all the other property lines in. 
triangle A may be obtained. As a check, these throe property lines, 
should meet in one point. This point is enclosed in a small circle in 
Plate III. 

Exactly as described before, the 2/-circles and ?7-lines may be 
constructed for every member of the first diagram, and the property 
lines for every triangle of the second diagram. 



2. Force Diagram for Equilibrium Contour 

As mentioned before, the force diagram for equilibrium contours 
need be drawn only once for the whole process as the directions of the 
section lines are constant, being perpendicular to the respective 
members. For this reason it is advisable to construct the force 
diagram before the solution of the truss, in order to record the values of 
iSin a graphical form. In solving a truss as shown in Plate III first 
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draw a line normal to member 12 and measure oS ga=s8i^. Then 
from a draw a line normal to member 23 and measure oflE 06=7/8^23* 
From b draw a line normal to member 25 and measure ofiE 60=^^25* 
Continue for all the web members of the truss until points e and / are 
obtained. The directions of the forces are determined by the fact that 
the section lines around any joint should form a contour in a counter 
clockwise direction, if all the values of / are positive. Only one half 
of the truss is consit^red here as the other half will be symmetrical. 
Now from a draw a line normal to member 13 and make ah^sSi^. 
The point h should be on the under side of a so that force ah will 
produce a counter clockwise moment about joint 1 for positive /. Simi- 
larly, from points 6, e, d, and e draw lines perpendicular to the respective 
chord members and measure off the segments 6i, 0/, etc., equal to /S^g^, 824,9 
etc. Next join the end points I, j, g^ A, etc., with dotted lines as 
shown. These will then give the directions of the external ideal forces, 
J2, which are to be applied through the corresponding joints in the 
truss. Lastly, the? rays gb, gc^ etc., are completed. They are the lines 
which join the left end of the external force, jB, to the inner points of 
the diagram. 

3. Construction for values of K 

From equation (2), 
ESA^ig-Pfis (cot 1324-cot 123)— Pjg cot 132— P12 cot 123, 
J?a^i32=Pi2 (eot 123+cot 213)— P23 cot 123— P^ 3 cot 213, 
EdA^2i-Pis M 213+ cot 132)— P1J8 cot 213— P23 cot 132. 

In triangle 123, Fig. 19, through 1 draw a line perpendicular to 
side 23 with a length equal to Pjs ^^^ through its end draw a line 
parallel to 23, giving segments a and 6. Similarly find the segments 
c, d, 6, and/. Tlien, 

^^^i»2 = ('• + '0 - (« + «). 

or, the change of angle 213 is equal to the sum of segments o and b 
belonging to this angle, minus the sum of the segments of the other two 



i 
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angles, / and rf, which ar6 not adjacent to those of the angle under 
.consideration — that is, a and b. 

To secure a systematic arrangement both in sign and magnitude 

the following scheme is advisable. The example is for a triangle with 

a right angle but the method could easily be extended to any other 

kind of triangle. Lay off the primary stresses [>er square inch as 

shown in Fig. 20. Parallel to the sides of the triangle draw lines 

through the ends of the segments, obtaining a, 6, o, and d, which are 

of the same signs as the corresponding primary stresses. There are 

thus obtained three small triangles 13^2|, 21232, 323I3, similar to the 

large triangle 123. The consecutive sides of the small triangles may 

now be followed as a contour in a certain adopted direction, say counter 

clockwise, as shown. The change of angles may then be found as 

follows, taking as an example, 213, Fig. 20: At end 2^ of segment a, 

met with in a counter clockwise direction after 3^ when following the 

contour 13^ 2 j, measure off 2^-41 equal to the segment c of triangle 

323 1 3 which is adjacent to side 23 — the side parallel to 2^3^. If the 

sign of c is the same as that of a it is laid off from 2j toward 3^, but 

if otherwise, it is laid off in the direction away from 3^, as shown in 

the figure. Then the distance 3jill, the segment from the initial point 

3^ to the end point ^1, gives the value of J^^^gis* ^^^ ^^S^ ^^ 3iAl 

is the same as that of a because ^1 is reached from 3^ in a counter 

clockwise direction. In case c and a have the same sign and c is 

greater than a, then segment c is laid off from 2^ toward 3j and point 

-41 is found below 3j. The value of EdA2i^ is then opposite in sign 

to that of a, l)ecause the point' ^4.1 is reached from 3^ in a negative 

direction, clockwise, when following tho contour 13i2i. Similarly the 

change in angle 123 may be found from the segments 6 and d, the latt^^r 

being that part of side I323 of triangle 3I323 which is adjacent to the 

side of the large triangle patallel to 1232- 

To find JE 8Ai^2 ^^Y ^^ segments a and 6 from end I3 of side 
I323, care l)eing taken of the signs. If a or 6, or both, are of the same 
signs as c and d the said segments should be laid off toward 23, instead 
of away from 23, as shown, which is for a and b having different signs 
from t and d. The rest of the procedure is the same as for the other 
two angles. 
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Since the sum of the changes of angles in a triangle must be zero, 
the vahies of E 8 A thus found are subject to a unique check. , 

As mentioned before the value of K is taken as J? SA / 2 on 
account of the y-circles being magnified 12 times. To give this 
directly from the change of angle, the primary stresses may be laid off 
on a scale that is one half as great as that used in measuring the 
segments 3^^!, etc, for then *A^A\ = K\i\ 12-^2 =5 Kj^^-i ^"^ 

4. Deformation lines 

From the values of J^Tthus obtained, the ratios of K\ U could be 
found from the J7-lines as explained in Article 1, (c). On the second 
truss diagram where the property lines have already been drawn, lay 
off the values of K\ TJ on the corresponding sides j with proper regard 
to the signs. The deformation lines may then be drawn through the 
ends of these segments. They should l)e parallel to the property lines 
drawn in the same triangle. In Plate III the deformation lines are indicat- 
ed by a shaded triangle which the deformation lines formed for the triangle 
of the truss. 

5- Base Lines and Vertex Lines 

The detailed descriptions for base lines and vertex lines have been 
given in Section VII, Article 2. As a preliminary it is necessary to 
construct the deformation contour, the graphical addition of 3/;^^ == 2rini 
-|- r^j, the equilibrium contour and the graphical subtraction of 
r^j r=s 3/i^ — ^'''im' Th® t'^^ contours have been considered in detail in 
pre\dous articles^ so that the only . explanations necessary are for the 
graphical addition and subtraction. To perform 2rln^ + r,„|, first find 
the value of 2^?^ by adding to rtm a segment equal to itself, and then 
adding or subtracting Vmh depending on its sign. Attention is here 
called to the discussion on linear directions in Article 1, (6). To obtain 
3/zm — 2rim first find 2r/^ as just described. Since both r/« and fi^ are 
referred to joint I as origin, the difference is then given by the distance 
from the end of segment 2r/^ to the end of segment ' 3^^ (this is given 
by the intersection of section line hn, and member Z?n), both in sign and 
in magnitude. It is positive if the segment is in the direction from 
Z to «*, and negative if from m to ?. 
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6. Secondary Stress Lines 

From the values of correct deformation moduli secondary stresses^ 
/, may be obtained from equation (13) by graphical addition. More 
directly, the segments 2r,„ and r^^ may be added to each other and the 
resulting segment measured with a scale three times as large as for r, or 
for Kj U. From the values of / thus obtained, the oflEsets of secondary 
stress lines are therefore known and the latter may be drawn in by 
tangent to arcs drawn with the values of /as radii. From the directions 
of secondary stress lines, a force diagram of 8 may be drawn to show 
the effect of section moduli upon the secondary stresses. 

TX. EXAMPLE 

To illustrate the method of deformation contour a truss will now be 
analyzed for secondary stresses with the given values of P and 8 a» 
shown in Plate III. This is the same problem as that solved by Kunz 
in illustrating the method of Mohr in Engineering News, vol. 66, p. 
397, and by Turneaure in illustrating the method of Manderla in 
Engineering News, vol. 68, p. 438. A fair comparison can therefore be 
made of the three methods, and their relative merits determined therefrom. 

X. CONSTRUCTION OF INFLUENCE LINES 

In constructing influence lines the only change that is necessary in 
the above method is found in the value of K. Since in equation (10) 
the coefiicient of r/^ is a constant for the truss, the slope of the 
deformation lipes which represent the equation is a constant and the 
deformation lines for all kinds of loading in the same triangle and for 
the same joint are parallel to each other. Similarly in equation (15) 
the values of g and h are also constants for the truss and the base line 
and vertex line for any triangle are respectively parallel to each other 
for different kinds of loading. If the said lines are drawn for any one 
kind of loading, the slopes of these lines will be kpown and for each 
additional loading only one extra point is necessary for determining the 
lines. The present method is therefore very well suited to the 
construction of influence lines. If Muller-Breslau's method of keeping 
a constant left hand reaction be used, the method can be made still siinpler. 
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ANALYTIC SOLUTION OF SECONDARY 

STRESSES WITH SCIENTIFIC 

ARRANGEMENT OF COMPUTATIONS 

XI. OENEBAL FROCEDXTBES 

From the equations derived in Section III and the principle of 
deformation contour discussed in Section VI an analytic solution may 
be made of the secondary stresses without the use of a large, set of 
simultaneous equations, as required in the ordinary methods. 

First of all let the graphical construction of deformation contours 
bo reduced to an analytic form. Apply equation (10) to joint 5 of 
Fig. 13; 

'"52 = (^35 / ^25) »-53 + *^B5 / U^S^ 
'"64 = (^25 / ^45) '"52 + ^-"5 / ^45' 
'•56 = (^45 / ^Se) '"54 + ^1>5 I ^^5 6' 
'-57 = (^56 /^Sr) ''66 +^^5/ ^57- 

By successive substitution, 

/ST = (f^35 / ^57) ''63 + (^B5 + ^06 + ^i>5 + ^^s) / ^57' 

or, in general, 

r„ = ( U,„ I U„) r,„ + IK I U,,„ (16) 

where 2K is the sum of iiT 's for angles successively met with in passing 
around joint Z in a clockwise direction, from member Im to member Ip. 
It should be negative if member Ip is met with after member Im in a 
counter clockwise direction. Equation (16) takes the place of the 
deformation contour in the analytic solution and is to bo used in finding 
the deformation modulus of a member at any. joint when it is known 
for another member at the same joint. For convenience, this process is 
oftentimes spoken of as passing a deformation contour around the joint. 

The general procedure for the analytic method is best understood 
by applying it to a truss as shown in Fig. 14. Since the principle of 
deformation contour states that the deformation modulus for any 
member in a bridge truss can b(? expressed in terms of two others, let 
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these moduli be for member 12 and taken as two unknowns; or, more 
directly, take/^g =: a?, andf^^ =: y. Then by equation (9), r^^ s=s 2x 
— y, and rgx = 2y — a?. From these two values of r find those for the 
other members meeting at joints 1 and 2, by equatien (16), as the values 
of Z/and ^are easily computed from the given information. Applying 
equilibrium equation (1) to joint 1,/is may be obtained from a?, giving^ 
the stress at one end of member 13. To find the stress at the other 
end,/3i, first subtract /^g from r^g, obtaining/jg — /g^ (r^g = 2f^^ 
— /gj), and then subtract /jg — /31 from /jg giving /g^. Subtracting 

*»gai" f\z^ fz\ f*'^"^ /sr ^31 == 2/31 ""• /i3 ^s obtained. From r^^ 
tlius foimd obtain r^^ ^"^' ^35 ^J equation (16). Now, for member 23, 
the values r^^ and r^^ are known and therefore the stresses /gg and/gg 
can be found from e(|uation (13). At joint 3 the stresses in all 
members are. known except that in 35, which may be found by an 
equilibrium etjuation aromid joint 3: 

^31 /31 "^ ^32/32 "t" ^35/35 ^ ^^' 

By a process similar to that for member 13, there is obtained r^^g, from 
which, by equation (16), are determined the values of r for all the 
members meeting at joint 5. 

The stresses in member 25 may now be fomid from r^^ and r^g- 
This makes known all the stresses around joint 2 except that of member 
24 which can be found from the equilibrium ecjuation. From the value 
of 7*24^, that of r^g '"^7 ^^ found from /^^ by the same method as for 
member 13. A deformation contour can therefore be passed for joint 4 
with this value of r^^- ^'^^' above process may be repeated for all the 
members of the truss until, eventually, the stresses in members around 
joints 2' and 1' are obtained from the equilibrium equations for joints 2' 
and 1'. Up to this point the quantities K^^f^f and K^f^f have not been 
used and it is necessary to test the deformation equations involving these 
two quantities. Applying e(j nation (5) to joints 2' and 1' of triangle 
-4', there are obtained two ecpiations which furnish the means for solving 
X and y. After they are obtained, all the other stresses being expressed 
in terms of » and y may be found by substitution.* 



*See also Section XIV, p. 44. 
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If the loading is symmetrical about a member at the center of the 
truss, the stresses at the two ends of that member will be zero. Since 
these stresses are expressed by linear equations in terms of os and y, the 
latter can be found by making the stresses equal to zero. 

In the analytic method of solution the following points should be 
noted: 

(1) In applying equation (16) to members which are reached 
from the reference member Im in a counter clockwise direction within 
the truss the sign of* 2*^ should be reversed. 

(2) The equilibrium equation cannot be applied to a joint until 
the »stresses at the joint are known in all members except one. 

(3) Apply equation (5) to any triangle, ^m, (Fig. 7); 

^mp (2 Jmp — ,tpm ) ^^ ^»» (^ fml """ /im ) + -^Impf 
^Ip (2 fitl. — Jlp ) = Ump (2 Spm — .tmp ) + ^mph 
^Im (- .flm — fml ) = ^/) (2 /ip — fpi ) + Kpif„. 

Adding together, noting that UK should be zero in a triangle, 

Ufm (flm ^ fml) + ^mp (Jmp — fpm ) + ^pl'Upl "~ fp) = ^' (^^) 

This equation must be satisfied as soon as the stresses in a triangle are 
completely known. This is one of the important features of the 
analytic method. 

(4) Particular attention should be paid in the solution of 
equilibrium equations and also in the correct substitution of the values 
of J7. Mistakes made here could not be detected by equation (17). 

(5) The values of / found from equation (1 3), //^ =: {^ri^ + r„i) / 3, 
can be obtained in a simpler way as follows: First find r/^ / 3 from 
Vjj, of reference member /p, using 3t^„, instead of C^^. This gives 

horn equation (16). Similarly, find r,„i j 3. Then obtain the sum of 
r/^ / 3 and r^/ / 3, which when added to r^^ j 3 gives y)^, and when added 
to r^; / 3 gives /,„/. Since only the stresses in web members are 
found from the values of r alone, only the web members need be 
computed for 3 U. 
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Zn. SCIENTIFIC ABSANOEMEirr OF COMPUTATIONS 

As is well known, an analytic method while more accurate takes 
longer time. It is therefore necessary to devise some method by which 
the amomit of wotk will be reduced to a miiiinmm. The computations 
for secondary stresses by the ordinary methods have been systematized 
to a great extent in recent years, but there is still room for improvement, 
mainly in the arrangement of computations. Among the many items 
which are inefficient and are found in all of the ordinary methods may 
be mentioned the following: 

(1) All these analytic methods need some graphic construction, 
one way or the other, to show the proper location of certain computed 
quantities. 

(2) In all ordinary mc^thods the computations are arranged in 
tabular form in which at least one or two columns of figures are copied 
from previous tables. This aiot only wastes time and energy but also 
invites error. 

(3) Only the final results are shown in the tables, the rough 
computations and figuring, like addition and subtraction, are made on a 
separate paper, which is not filed, and are likely to be performed in an 
unsystematic way. j 

(4) Time is wasted in copying the results of rough figuring, thus 
increasing the liability of mistakes. 

(5) There is no method of checking the computations except by 
repeating the figuring, which not only tak<^s time but also reqjiires 
a different computer. 

(6) The figures arranged in u table do not convey as much idea 
as when marked on a truss diagram, as a semi-graphical method is 
always superior to analytic tabular forms. 

To get rid of the above objections, which are very common, a 
simple and self evident scheme would be to dispense entirely with the 
idea of tables, and to record all the r(»sults on the truss diagram direct. 
A second thought makes it plain that to save time it is also advisable 
to include all the rough computations on the diagram. By this arrange- 
ment it is possible so to record the figures that none is written more 
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than once and the computations may be most readily performed. 
Further, by arranging the computations so that each figure has a 
definite space on the diagram, the chance of using incorrect figures is 
entirely eliminated. 

As a first application of the scientific arrangement of computa- 
tions let the changes of angles in a triangle as given by equation (2) be 
obtiuned on a truss diagram as shown in Fig. 21. First write down 
the values of P on the sides of the triangle and then insert these values 
within the triangle, each value being entered twice. Next form the 
differences, Pjg — P^^^^a, and Pig— Pi 3=65 and multiply each by 
the cotangent of the corresponding angle, which is written above the 
columns for stresses P. The sum of these products, c, and d, gives 
E dC. Next find P^z — Pi 3=^; also e cot C=/. Add / to negative 
of cZ, E SB is obtained. Similarly for E dA, If C is a right angle / 
and h will be zero, then E dB=: — d, and E dA= — c. This is the 
case shown in Plate IV. 

Xm. EXAMPLE. DETAILS OF FROCEDUBE 

Let the truss analyzed in Section TX be used to illustrate this 
analytic method and also the scientific arrangement of computations. 
Refer to Plate IV. 

On the upper portion of the drawing construct a small truss 
diagram to record the given data, and solve for the values of E, Con- 
struct another truss diagram with a scale as large as the drawing will 
permit. This diagram will be used for the analytic solution of the 
stresses. On each of the web members construct two small tables one 
with seven rows and the other three rows, each having three vertical 
columns and placed one above the other. In the first table extend tlie 
third and fifth rows one space to the right, as »shown. For each of the 
chord members construct a small tabic of three columns and six rows 
with the second row extended one space to the right. For each of the 
joints construct two tables with one adjacent to the truss. The size of 
the table adjacent to the truss is determined as follows : 

Number of vertical coluAnis=niuiiber of members meeting at 
the joint. 
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Nuinbor of horizontal rows = number of vertical columns. 

The other table for the joint has four vertical columns and as many 
horizontal rows as may be needed in the process. 

The table drawn on the chord member and the large table on 
the web member will be known as jF-tables. ^The two tables for 
the joint will be known as K- and 3/-tables, the former applying to the 
one adjacent to the truss. The t?mall tables below the jP-tables for the 
web members will be known as C-tables. Mark all the vertical columns 
l)y letters as shown in the first horizontal rows. For the J^tables these 
will be a?, y, and h and for the ilf-tables, S^ a?, y, and h. For JK^tables 
the identification marks for all the members entering the joint should 
be noted, except those for the reference members. 

Next fill the iiT-table with tlie values of K found in the small 

truss diagram. For example, at joint 5, the value of JK^5 is put in the 

second row and second column; that of K^r^ in the third row and 

second column; that of K^r^ in the forth row and third column; and, 

finally, that of JBlk-, in the fifth row and fourth column. There will 

then be one column vacant at tlie right of K^^* At joint 2, the value 

of K^i2 with its sign reversed, is put in the second row and second 

column ; that of JfTg^? sign reversed, in the third row and second 

column, and finally that of -Kc^, with sign reversed, in the fourth row 

and third column. One column is left vacant at the right of -ST^^^. 

Similarly, all the Jf-tables may l)e filled with the values of K 

transferred from the truss diagram at the top of the drawing. 

Next there are formed the summations of the various values of -fiT, as 

follows : Find the algebraic siun of the figures in the second column and 

write the result in the third column and third row. This figure is next 

added algebraically to the figure below, the result being put in the 

fourth column and fourth row. Similarly, this figure may again be 

added to the figure below if there is any, and, finally, the space at the 

lower right hand corner of the table is filled. Thus, at joint 5, the 

.sum of —0.55 and —2.10 is —2.65, that of —2.65 and —0.75 is 

— 3.40 and that of —3.40 and 0.94 is -2.56. Similarly, for the 

joints at the top chord. It will be seen that the first figure in the 

second column is the value of SK for the first member met with in 

a 
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clockwise direction around the joint from the reference member, if the 
joint is at the bottom chord, and in a counter clockwise direction if the 
joint is at the top chord. Similarly, the first figure in the third column 
- is the value oi 2 K for the second member met with in the '^jroper 
direction from the refercnicc* member, the first figure in the fourth 
column is that of tlrt) third member from the reference member, and so 
on. The proper members to which these sums apply are written down 
in the first row. Thus, at joint 5, the figure — 0.55 is for member 52^ 

— 2.65 is for membcT 54, and so on. 

Above and below the tables constructed on the members marked 
as -Fand C there are recorded the values of Z7=Z/y, where L is in feet 
and y in inches, and 8=sl/y. For web members the values of 3 U are 
also recorded beside Lu 

If the various sums in the Stables are divided by Z7, the con- 
stant term in equation (IG) will be obtained for the respective members. 
As mentioned before, the value of r/3 is to be used for the web members 
and 2! K should then V)e divided by 3 [/"for the web members. These 
values of SKfU and JUCjiiU are recorded in the jP-tables, in the 
extended portions provided at the right. Thus, for member 25 at joint 
5, the value of HKjiMJ from reference member 53 is —0.55/15.43 
=r— 0.03G and is put in the extended portion of the fifth row in tlie 
JP-table for member 25. This is the increment for r^g- Similarly, 
for r25 the value of SKj^dU troni reference member 21 is — 2.04/15.43 
=5 — 0.133 and is put in the extended portion at the right of the third 
row of the jP-table for member 25. As another exam[)le, the value of 
S KJU for chord njcmber 57 at joint 5 from reference member 53 is 

— 2.56/2.93= — 0.84. By the same process all the extended portions 
of -P-tables will be filled up with the values of S K/U. 

Now, to solve the problem, let /x2^* ^^^ f^i^^^V'* ^^^^ P^^ ^'^^ 
proper figures in the jP-table for member 12. Subtracting the 
coefficients of x and y for/g^ from those for /jg? ^^^ difference /jg — 
^21 is obtained. Reverse the signs of the difference and put them 
above the original signs. By using these reversed signs the difference 
/21 — f\2 '^^ obtained. When /jg ^^ {idded to /i2~"/2i' ^'*^ result is 
rj29 yrid if /21 is added to/^x'^/iaj ^^^ result is r2i- i*^ other words. 
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rj2 IS obtained by adding /^ 2 to fi^'^f^l ^^^^ tho lower signs, and 
rgi is obtained by adding /gj to/i2"'/2i ^^'th the npper {*igns. With 
the value of r^i thus found, apply it to members at joint 2 by equation 
(16), as follows: Multiply the coefficient of a?,— 1^ for t2\^ by 17= 
4.38 giving --4.38. Divide this by 3f7of member 23=5 13.55 and put 
the quotient, —0.324, in the column for x and row for 1/3 r^^ in the 
-F-table for member 23. Divide —4.38 by 3Z7 of member 25=15.43 
and put the quotient, —0.284, in the proper space in the i'^table for 
member 25. Similarly divide — 4.38 by Z7 of member 24=3,03 and 
put the quotient, — 1.46, in the projipr space for member 24. Since 
the rows for r have an extended portion at the rights there is no chance 
of recording the figures in the wrong plac(\s. By a similar process fill 
the columns' for y in the -P-tables for the members around joint 2. 
For values of constant k the same process is to be pursued except that 
the figures are put directly above the extended portions of the respec- 
tive, horizontal rows. Thus, k for 25=i for 21 multiplied by 4.38/15.43 
=:0, since k for member 12 is zero. This figure, 0, is then put above the 
extended portion of the third row. Now add the figures in the extended 
portion and the one above and write the algebraic sum in the same row 
in column k. Thus, 0— 1.33= -r 1.33 for member 25. Similarly, the 
constant term k is obtained for all the members around the joint and 
the deformation contour for joint 2 is then completely determined by 
analytical expressions. By the same method, complete the contour for 
joint 1. 

To find/|3 from /2 2'' ^Pply ^^^ equilibrium equation to joint 1, 
Multiply by S^^ ^^ coefficients of «, y, and k of /12 ^md enter the 
products (equal to the moment due to /12) ^^ ^^^" Jlf-tsible at joint 1. 
This part is believed to be self evident. Reverse the sign of the 
moment and enter the result in the row for member 13, whose 8 is 
equal to 155. Dividing the moment of 13 by 8^^^ fi^ is obtained. 
Entpr the result in the third row of the JP-tablc for m(?mber 13. 
There are already in this table figures in the second row representing 
ris. Subtract/i3 from ri3 giving 2/i3-/3i-/\3=:/i3-/gi. Thus, 
for coefficient of a, 2.995— (--2.403)=5.400. Next, reverse the signs 
of /i 3-/3 1 and put the new signs below the old. Thus, for coefficient 
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o£ «, ±5.400. Next, subtract /j 3— /j^ from /13 or, using the lower 
signs, add/13-- /31 ^^ /is* Thus, the coefficient of 9 is — 2.405— 
5.400=5 — 7.805. This gives the value of f^i. Again subtract fis"^ 
^31 from/31 giving 2/31— /i3=5r3i, or, using the lower signs of /13 
— fsii ^^d to it/3|. Thus the coefficient of 9 for r3i is — 5.400 — 
7.i805= — 13.205. From the value of r^i thus obtained, a deformation 
contour around joint 3 may be obtained by analytic expressions as 
explained for joint 2,* obtaining thereby 1/3 r^^ and r^f^. Since for 
member 23 there are already computed the values of 1/3 r^g and 1/3 
r33 in the i^table, the diflference of these two quantities may next 
be obtained. This, as may be shown by subtracting equation (13), 
is equal to f^z'^fz^' These figures are to be placed in the sixth 
row. Next find the sum of 1/3 r23 and 1/3 r^^ ^"^ P"^ ^^ result in 
the fourth row. This quantity when added to that in the third row 
gives /g 3 in the second row, and when added to that in the fifth row 
gives /3 2 in the seventh row. All the stresses being completely known 
in the first triangle, it is necessary to apply the test of equation (17). 
Noting the direction of the contour by which the diflFerences of / are 
taken, it will be seen that the figures in the sixth row of the i^table 
for 23, plus the figures in the fourth row of the J^table for 13, using 
the lower signs, plus the figures in the fourth row of the i'^table for 
12, using the lower signs, each multiplied by the corresponding value 
of ?7, should be zero. These figures are recorded in the C-table 
under the JP-table for member 23. 

Now, around joint 3 the stresses are known in all members except 
that in member 35, which can then be found from the equilibrium equa- 
tion. This summation is performed in the Jf-table for joint 3. From/31^ 
thus obtained and ^3^ already found, the jF^table for member 35 may 
be filled as for member 13. From r^^ obtained, complete the deforma- 
tion contour around joint 5. 

In the JP-table for member 25, since 1/3 r^^ and 1/3 r^^ are 
known, it can then be filled as for member 23. As before, the figures^ 
in the sixth row of the i^table for 25, and those in the fourth row^ of 
the -F-table for 35, using the lower signs, each multiplied by the 
proper U are next put in the first two rows of the C-table. The 
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last row in the table is copied from the first row of the C-table for 
member 23, with the signs reversed. Tlie sum of the figures in each 
colmnn of the table must be zero. 

By the same process the stresses in all members are obtained in 
terms of x and y in linear equations. The two simultaneous o<|uations 
derived from the fact that f^^ and /^g should be zero furnish the 
means to soWe a? and y. From these values of x and y the stress / in 
any member may be found in the following manner: On the side of 
the member w^her(^ the fiber stress is obtained; that is, on the side first 
met with in passing around the end in a clockwise direction from the 
outside, the values of the terms containing x and y are written one 
above the other after substitution. The constant k is next written on 
the side of these two figures toward the end of the member. Find the 
algebraic sum of the terms of x and y and write the result above k. 
Add this to k, algebraically, the result is tlie value of /, which is to 
be written near the end of the member. 

XIV. CONSTBUCnOX OF INFLUENCE LINES 

Analogous to the relations between dc^formation contours there is 
also a linear law existing between secondary stresses /. (consider a 
truss composed of trianguhir elements. In each triangle there arip then 
six values of /, one at each end of the member. But the triangles are 
connected together and for every pair of adjacent triangles there is one 
«ide in common. One of the triangles may be considered as added to 
the other by the introduction of two sides, and therefore has only four 
values of /. If the structure is built up !of triangles by successive 
addition to a "base triangle" all of the added triangles will then have 
only four unknowns while the base triangle will hiive six. To find 
these unknowns there is required an equal nnmber of equations which 
•must be found from the nature of the problem. Let the number o£ 
triangles in the structure be n. If one of the triangles be considered 
as the base triangle and the other (n — 1) triangles be added to this 
triangle by* successive introduction of two sides at a time, there will be 
€+4 (n— 1)=4 n+2 unknowns. For each triangle there are three 



SECONDARY STRESSES IN BRIDGE TRUSSES 45 

angles giving three deformation equations, (3). This furnishes 3 n 
equations and only n-^2 more are required. But this is equal to the 
number of joints in the n triangles and for each joint there is also an 
equilibrium equation, (1). Since both the deformation and equilibrium 
equations are linear in form it follows that all the secondary stresses 
are connected by equations linear in form. 

Since the base triangle has six values of / and there are only four 
equations available, three from the deformation equations and one from 
the equilibrium equation for the joint that is free from other triangles, 
two of the values of / could not be found until two more equations 
are introduced. This base triangle therefore has two unknowns at 
the outset of the solution. As the stresses in the other triangles 
depend on those in the base triangle, all of them will be 
expressed in terms of only two unknown quantities. Hence if 
/ be the stress in any member and /^ and /,, be the tw^o unknowns^ 
in the base triangle then, 

where a, 6, and c are constants. To determine /,. and /), it is 
only necessary to notice that the very last triangle added to the 
structure has three joints but only one is used for the equilibrium 
e([uation. There are therefore two more equations expressing the 
moments at these two joints, which furnish the means to solve fj. 
and/;,. . 

An examination of the methods by which the above equation is 
derived (see Section XI) will show that the constants a and 6 are 
functions of Z7only while c is a function of both U and K, Hence a 
and b depend only on the truss dimensions and the sections of members 
while c depends in addition on the loading, as K is a function of the 
change of angles, which depends on the loading. This fact shows that 
in constructing influence lines the only change in the analytic method 
: that is necessary is to extend the Aarious tables on the truss diagram*, so 
that there will be room for each change of loading which means a 
change of i. 
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XV. COMPABISON OF BESULTS 

The secondary stresses worked out in the examples of this paper 
jire compared with those obtained by the ordinary methods in a table 
shown on next page. The figures in the fifth and sixth columns of this 
table are taken respectively from Plates III and IV, The figures in the 
third column are obtained from the article in Engineering News, voL 
66, p. 398 and those in the fourth column are obtained from 
the article in Engineering News, vol. 68, p. 439. These two 
articles have been mentioned before as to contain the analvses of 
secondary stresses by the method of Mohr and the method of 
Manderla. The truss and loading for the four examples are 
precisely the same. 

In order to compare the results some computations were made so 
that the stresses will be given for the same fibers. In the graphic 
method of deformation contour the stress is found for the fiber where 
the moment and the stress have the same sign. In the analytic method 
tlie stress is found for thc^ fiber which is first met with in passing 
around the end of the member in a clockwise direction. These two 
conventions are identical in result but are different from those adopted 
in the above mentioned articles. For members having symmetrical 
sections this difference of conventions makes a difference in sign 
but for members having unsymmetrical sections, it also makes a 
differcnee in magnitude. To facilitate comparison only one con- 
vention should be used in the table — the one adopted agrees with 
this paper. 

The top chord members of tho truss analyzed in the above ex- 
amples have an unsynmietrical section and the values of y are different 
for the top and bottom fibers, being 8.8" for the top and 11.6" for the 
bottom. Since- the examples worked out in this paper used a value of 
?/ that is for tlie top fiber of the chord (equal to 8.8"), the fiber 
stress is not correct if it applies to the bottom fiber. The ratio of 
(y for bottom fiber) to (y for top fiber) — equal to 11.6/8.8= 
1.32 — should therefore be applied, in order to secure the correct 
results. 
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Table of Comparison 



Member 


End 


Fiber 


Secondary Stresses in 1000 Ibs.j 


' in.» by 


Mohr'3 


Manderla's 


Graphic 


Analytic 


• 






Method 


Method 


Method 


Method 


1-2 


1 


T 


-0.12 


-0.12 


-0.12 


-0.12 




2 


B 


-0.01 


-0.04 


-0.03 


-0.03 


2-4 


2 


T 


0.11 


0.11 


0.09 


0.11 




4 


B 


0.43 


0.45 


0.44 


0.45 


4-6 


4 


T 


-0.33 


-0.33 


-0.33 


-0.33 




6 


B 


0.13 


0.13 


0.13 


0.12 


1-3 


1 


T 


0.29 


0.29 


0.29 


0.29 




3 


B 


0.36 


0.35 


0.34 


0.35 


3-5 


3 


T 


-0.29 


-0.28 


-0.29 


-0.28 




5 


B 


0.08 


0.10 


0.10 


0.09 


5-7 


5 


T 


0.02 


0.03 


0.03 


0.03 




7 


B 


0.41 


0.42 


0.42 


0.39 


2-5 


2 


T 


-0.16 


-0.17 


-0.18 


-0.16 




5 


B 


0.01 


0.01 








5-6 


5 


T 


-0.17 


-0.16 


-0.16 


-0.17 




6 


B 


0.06 


0.06 


0.06 


0.06 


2-3 


2 


R 


-0.41 


-0.44 


-0.44 


-0.44 




3 


L 


-0.46 


-0.50 


-0.50 


-0.51 


4-5 


4 


R 


-0.36 


-0.34 


-0.34 


-0.33 




5 


T. 


-0.36 


-0.31 


-0.31 


-0.31 


6-7 


6 


R 
















7 


L 




















. 


^ 


v> ■ . < 
1 





ZVI. SECONDABT STRESSES IN SPECIAL FORMS 

OF BBIDOE TBirSSES 

if ■ ■ < 

Bridge trusses of unusual types require special treatment in the 
analysis of secondary stresses. Each is a problem of itself and can 
only be solved by judicious changes in the procedure. A thorough 
understanding of the principles involved is very n^e^asary as no hard 
and fast rules can be laid for all cases. Suffice it to say that as long 
as the truss is composed of triangular elements and tfiere are at least 
two joints where only two members meet, the solution can always be 
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effected by the methods presented in this paper (see Section XIV), 
although in certain cases the graphical method may not be as expedient 
as for simple trusses. 

To illustrate the wide application of the methods given in this 
paper let a Baltimore truss as shown in Fig. 22 be analyzed for 
secondary stresses by the analytic method with scientific arrangement 
of computations. 

As for simple trusses the first step of procedure is to find the 
change of angles due to the action of primary stresses. For a truss 
with subdivided panels, as that shown in Fig. 22, difficulties are 
encountered in applying equation (2) to a figure like 4698, as the 
members 46 and 69 are no longer on a straight line when the bridge is 
under load. In such a case* assume a member inserted within the 
four-sided figure so that it will divide the space into two triangles, as 
member 68 shown by dotted lines in the figure. The deformation of 
this imaginary member can be calculated by finding the relative deflec- 
tion of the two joints which it connects, assuming the sectional area of 
the inserted member to be zero. From the deformation thus obtained 
the changes in angles of figure 4^98 may be determined in the usual 
way by using equation (2). As this equation contains unit stresses in 
the three sides of the triangle it will be necessary to find the unit stress 
in the imaginary member due to its deformation. For a panel as shown 
in Fig. 23 a or Fig. 23 6, the unit stress (or strain) in the imaginary 
member isf 

i . ' 

By the use of this equation the changes in angles in panel 59 of Fig* 
22 may be found by substituting the values of P in equation (2). 
After these values are known the iT-tables in the analytic method may 
be filled with proper values as described in Section XIII. 

' In the solution of the problem there is no difficulty in the process 
until member 45 is reached. The values oif^^^f^^^ r^g, and r^^ are 



*See Johnson, Bryan and Tumeaure's Modem Framed Structures, Part II, p. 476. 
tSee Johnson, Bryan and Tumeaure's Modem Framed Structures, Part II, p. 477. 
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all expressed in terms of a? and 3/, the secondary stresses in member 12 
at ends 1 and 2 respectively. To find the stresses in member 56 it is 
necessary to know ^5^ and r^^. The value of r^g is obtained by 
passing a deformation contour, analytically, around joint 2 with the 
known value of r^^, but to find r^^ from r^^ it is necessary to know 
fit«. Now^ around joint 5 the stresses / are known only for three 
members — f^^, f^2 ^^^ /s* — while there are five members entenng the 
joint. The- value of f^ g cannot, therefore, be found from an equilibrium 
equation. To overcome this difficulty assume the value of r^g be 
known. If z be used to denote this value^ then z=:a x+b jf+c, where 
a, 6, and are constants. From the assumed value of r^g and r^g the 
values of /gg and /gg are obtained. An equilibrium equation around 
joint 5 then determines the value of f^^ in terms of », y and z. The value 
of r^^ being kilown from r^^^, the value of r^g may be determined 
from /gj. With this modulus, r^g, a deformation contour may be 
passed around joint 7, giving r^g, and r^^ — all expressed in terms of 
jp, y and z. A defornjation contour passed around joint 6 with r^^ 
equal to 2 furnishes the values of rg4, r^^ and r^g. From r^^ and r^g 
the values of f^^ and /^ g are obtained. An equilibrium equation around 
joint 7 then determines /-y 9. This value of f^g together with that of 
^79 ^^^^ ^97- ^''^'" ^97' ^9« ^® obtained, arid from r^g and r^^, /g^ 
is obtained. Around joint 4, r^^ is known from r^^ ^"^ ^liGn com- 
bined with Tq^ from the aj^sumed rgg the stresses /^g and /g^ are 
determined. Up to this point all the values in panel 59 are expressed 
in terms of «, y and z and all stresses around joint 6 being now known 
it is possible to find the value of z by an equilibrium equation. That is, 

^65 /66 + ^67 /67 + ^69 /69 + ^64 /64~^- 

N This will give the value of z in terms of x and y. By substituting this 
value of a, all the values of /in panel 59 are then expressed in terms 
of X and y. This may be done by writing the values of z (in terms of 
X and y) on a strip of paper and slide this strip under the * values of / 
for addition or subtraction. 

The stresses in members 48 and 89 are obtained in the usual way. 
The imaginary member 68 is not considered any more after the values 
of K are known. 
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To arrange the computations for this trass it is necessary to 
make some slight changes in the form as shown in Fig. 24. Being 
familiarized with the method of constructing Plate IV a detailed 
explanation for this change is not necessary. 

ZVn. FEATURES OF THE NEW METHODS 

1* Features common to Both Methods ' 

(1) No simultaneous equation^ involving more than two unknowns 
are required. 

(2) Both methods handle a quantity which is of the same dimen- 
sional degree as the secondary stress itself. This gives more accurate 
results than when using a quantity involving large multiples of /. 

(3) Both methods take much less time than the ordinary methods. 

(4) There are a number of checks available for each method, 
especially for the graphic method. 

(5) Both methods can be easily applied to influence lines of 
s<»condary stresses. 

(6) In both methods the complete information is contained on 
only one sheet of paper, including the rough computations, figuring, 
data, and formula. 

2. Features of the Graphic Method of Beformation Ck>ntour 

(1) It is strictly graphical. From beginning to end no com- 
putations are requird. 

(2) It gives a complete re[)rosentation of secondary stresses in 
every member of the truss. 

(3) The method not only shows ??eeondary stresses at the two 
ends of a member, but also the variation of the stress along its whole 
length. 

(4) It gives the point of ihflexion in a member and also its form 
of bending. 

(5) With the aid of the force diagram for secondary stress lines 
this method shows how the secondary stresses are affected by changing 
the section moduli of the members. 
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(6) It IS more accurate than the ordinary analytic methods if the 
latter be computed by the use of a slide rule. This is due to the fact 
that in analytic expressions the secondary stress is often found from 
the difference of two large numbers which must be very accurate, since 
the difference is small. 

(7) The errors made in locating the base lines and vertex lines are 
not cumulative, as the effect of one line upon the other is very small. 

(8) It has a sufficient number of checks at every step of procedure. 

8. Features of the Analytic Method with Scientific 

Arrangement of 



(1) In bridge offices where a large number of standardized 
trusses are to be analyzed for secondary stresses, the truss diagram 
together with the small tables could be blue printed. 

(2) This method is semi-graphical in that it shows the stresses at 
the proper places and the effects of one upon the other. 

(3) The entire process is mechanical. Every figure has a definite 
space; every procedure has a definite order. 

(4) No figure is to be recorded twice and no necessary figures 
are omitted. 

(5) All rough computations and figuring are shown on the 
diagram thus rendering possible a check at any future time. 

(6) The figures on the diagram are so arranged that all the 
additions and subtractions do not involve more than two lines of figures 
and can be accomplished without the use of extra paper, as when three 
columns of figures are to be added, etc. All the other computations 
can be made on a slide rule. 

(7) The method is capable of affording any degree of accuracy 
which may be desired. 

(8) Practically all back references are eliminated. 

(9) It has a unique check of secondary stresses as soon as they 
are found. 
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SECONDARY STRESS: A FACTOR 

r 

IN DESIGN 

« 

XVm. INTBODUCnON 

I 

While the importance of secondary stresses is siill a inoot question^ 
it cannot be denied that great improvements have been made in tht* 
design of structures as a result of the studies and observations made on 
the subject during recent years. The achievement so far attained is 
very beneficial and convincing although it is not unconnnon to hear it 
said that secondary stresses accompany good design, as it makes the 
structure rigid and stiflE which is highly desirable. To be sure, a good 
design does aim at a rigid structure but certainly not at the expense of 
its strength. Structures may be of different types : Some are rigid, 
others are strong, and still others are both rigid and strong. A bridge 
may be designed and detailed in different ways: Some make th^ 
structure rigid, others make it strong, and still others make it both 
rigid and strong. Would it be logical to consider only rigidity in A 
structure — in the selectjoji of types, proportioning of members, and 
designing of details — and neglect its effects on the most vital factor irt 
the design — the strength? 

The consideration of secondary stresses in a design tends to make 
the structure both rigid and strong, not only in type and design but 
also in details. Eventually the design is also economical as tlm 
uncertain " factors of safety " may be greatly reduced. It is for this 
reason that the secondary stress is so important in design and has been 
so widely considered. It must be admitted, however, that the subject 
is a difficult one — not in the theoretical analysis of course, but in its 
practical application. Oftentimes a design made to satisfy secondary 
stresses violates other good principles which must be respected. In 
-Qther cases, the gain in reduced secondary stresses does not balance the 
loss of rigidity. Here good judgement must be exercised to determine 
which course to pursue. 

Before going into the details of design some general conclusions 
about the secondary stresses will be given. 
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(1) The secondary stresses are, in general, proportional to the 
primary strej9ses, and, therefore, are conveniently expressed in percent- 
ages of primary stresses. 

(2) Other things being equal, the percentages of secondary 
stresses are proportional to the distance from the gravity axis to the 
x)ut€r fiber in the plane of bending, and inversely proportional to the 
length of the member. 

(3) The secondary stressses in any member depend on the distor- 
tion of all the members of the truss, but primarily upon the distortion 
of members of the triangles of which this member is a part. 

(4) A design in any individual member cannot be clianged 
without affecting the secondary stresses in the other members. 

In the following sections are given some principles of design 
which must be observed in reducing secondary stresses. These are 
largely derived from theoretical studies and practical observations and 
are very valuable on that account. During the past few years us 
increasing attention was paid to secondary stresses, considerable space 
in books and periodicals has been devoted to the design of structures 
from this point of view. This information, however, is not within easy 
reach as it is scattered in a vast amount of literature and the subject 
has never been systematically treated. As one of the purposes of the 
present paper is to present the facts about secondary stresses which 
must be understood by the designer, these principles of design will be 
listed under proper headings and discussed and digested in a logical 
order. For each principle stated the source of information is accredited 
by using a letter (explained in the following key) to indicate the title 
of the work. This is followed by a number referring to the page. 



a 4: =5 Proceedings of the American Railway Engineering Ass'n, 1914, 
p. 438. 

a 6 = Proceedings of the American Railway Engineering Ass'n, 1916, 
p. 129. 

« =s Engineering News Record. 
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g ' , =s Grimm's Secondary Stresses in Bridge Trusses. 

j = Merriipan & Jacoby's Roofs and Bridges, Part III. 

k — Kunz's Design of Steel Bridges. 

M = Thesis by T. Mao presented to Cornell University. 

m s= Molitor's Kinetic Theory of Engineering Structures. 

p = Secondary Stresses in J'ranied Structures by Pitman in Proceed* 

ings of Engineers' Society of Western Penn., Vol. 25. 
r = Notes on Design by Reichraan in Journal of Western Society 

of Engineers, Vol. 17. 
s =s Stress Measurement on the Hell Gate Arch Bridge by Steinman 

in Transactions of the American Society of Civil Engineers^ 

Vol. 82. 
Til = Modern Framed Structures, Part II. 
TIir= „ „ „ Part III. 

t =^ Thayer's Structural Design. 
W '==s Waddell's Bridge Engineering, 
w = Effects of Secondary Stresses on Design by Wilson in tho 

Journal of Western Society of Engineers, Vol. 21. 

XEL SELECTION OF TRUSSES 

(1) In choosing between different styles of trusses, those of the 
statically determinate class should always receive preference, other 
things being equal. The primary stresses will usually be less than in 
similar indeterminate systems, especially when the temperature stresses 
are included. Yet the deformation and secondary stresses may be less^ 
and frequently the connections may be simpler for the indeterminate 
type, (m 268) 

(2) Among the statically indeterminate structures the two-hinged 
arch is especially immune from secondary stresses, (s 1840, M 497) 

(3) The secondary stresses in; continuous trusses are very large 
»t the .centre and in its neighborhood and for this reason pins at thes6 
points appear to be advisable in order to reduce the stresses, (g 129) 

(4) The best modern practice in bridge engineering does not 
countenance the building of trusses having more than a single system of 
cancellation. (W 271). The secondary stresses in such a system ar^ 
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generally very high^ often reaching 100 per cent of the primary 
(Til 490), as the distortion in truss members due to loads on one system 
only is very great, (t 235, g 129), 

(5) In double triangular trusses the secondary stresses can be 
greatly reduced by the insertion of verticals connecting every pair of 
upper and lower joints. These verticals effectively connect the two 
single systems. (Til 491, g 123). 

(6) Trusses consisting of approximately equilateral triangles, and 
without hangers or vertical struts, present the most uniform condition 
and will have, in general, the lowest secondary stresses. (Till 93, a4). 

(7) A truss composed of right-angled triangles will show 
somewhat higher secondary stresses, and such stresses will be large if 
the ratio of height to panel length is large. (Till 94, a4). 

(8) The truss systems should be as simple as possible and all 
members which make the stress distribution uncertain should be 
avoided, (k 169). 

(9) As far as the elimination of secondary stress is concerned, 
the Pratt truss, the Warren truss with verticals, and the K-truss are 
very desirable. (W 200). 

(10) The amount of secondary stress in ordinary Pratt trusses 
varies from 15 to 35 per cent of the primary stress, (a 6). 

(11) The secondary stresses in the Warren system are often less 
than those in the Pratt system. (Til 487). 

(12) In single Warren trusses without verticals the secondary 
stresses in chords increase from the center of the span toward the end, 
while for the web members these stresses increase in the opposite 
direction. This circumstance is fortunate, as the web members in 
the region of the center of the span often have an excess in section and 
the end members of both the top and the bottom chords show this 
surplus still oftener. (g 105). 

(13) In a riveted truss, the span should be n^ade as deep as good 
<}esigning will permit, for two reasons: (1) The connections of the 
diagonals to the chords may be made smaller, (2) the deformation of 
the truss under load may be minimized. Both of these effects tend to 
decrease the secondary stresses, (r 95, Til 492)* 
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(14) In trusses with sobdivided panels, the secondary membersf 
cause great secondary stresses in the main members of the tmss on 
account o£ their distortion. (Til 492, t 235, W 201). 

(15) The best arrangement, so far as the secondary stress is 
concerned, is where each web member forms an integral part of the 
entire truss so that it« stress will gradually change as the load 
progresses. 

(16) In a Baltimore truss, the use of a sub-strut is much more 
advisable than the use of a sub-tie. (TII 494). 

(17) The use of collision struts cannot be recommended, because 
they divide the end posts into two fragments, decreasing the ratio 
between length and width of these members, pulling the posts out of line 
and increasing the secondary stresses. The collision struts are, as a 
rule, rather weak members and it is a question whether it would not be 
I'jetter to use the material on the end posts instead of on these struts, 
thereby increasing their strength in the direction of the plane of the 
truss as well as at right angles to their plane, (g 130, TII 458). 

(18) The double triangular truss with sub-panels is satisfactory 
so far as the action of the secondary stress is concerned. (TII 495). 

(19) A truss with polygonal chord as the parabolic truss, or the 
Sehwedler truss, is a good selection, (g 129). 

(20) In a truss, aim to make the curve of deflection aii 
approximate circle with vertical members radial. This means uniform 
stress in chords and low stresses elsewhere, (t 235). 

(21) Curved members, in which the neutral axis is not straight 
before the application of the load, should never bo tolerated under any 
circumstance. (W 272, g 129, k 170). 

XX. ABRAN6EMENT OF SPAN 

(22) Skew bridges and bridges on curves should never be built 
except in very rare cases where no other disposition is possible. These* 
types should be regarded as measures of last resort, (m 267, W 271)* 

(23) Wherever possible the loads should be applied at the panel 
points only, (k 170). 
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(24) The plane of the latei*al system' should coincide with that of 
the chords; otherwise, the stresses in wehs and chords will produce 
bending moments in the posts, (r 102, m 268, k 185). 

(25) The plane o£ the floor should be as close as possible to tha 
of the lateral system, (m 268). 

(26) The gravity axes of all the main members of trusses and 
lateral systems coming together at any apex of a truss should intersect 
at a common point wherever such an arrangement is practicable. In 
other words, the panel points of the bracing should coincide with the 
panel points of the main trusses. (W 273, k 185, g 130). 

(27) If horizontal trusses arc used in the floor system to resist 
traction stresses, these should be placed near the center of a span 
or midway between expansion joints. (Till 105, a6). 

(28) The doable intersection Warren truss with verticals is very 
well adapted to lateral bracing. (Til 492). 

(29) Brackets on posts should be avoided wherever possible. 
<g 130). 

•> (30) The pedestal pins in riveted trusses should not be placed 
below the bottom chords but on the center-lines. This eliminates tlfc 
bending moments that may be developed in the end posts and the 
end panels of the bottom chords by the train thrust. (W 284). 

XXI. BESION OF FLOOB STSTEM 

(31) The floor system should be so designed that it is, rigid 
in itself with respect to its main duty, but independent, so far as 
practicable, of the action of the chord system of the main trusses. 
(Til 505). 

(32) Floor-beams should be made deep to reduce secondary 
stresses in the cross frames, (m 268, r 101). 

(33) The flanges of the floor-beams should be made relatively 
narrow. (Til 505). 

(34) The floor-beams should be centrally connected to the post 
and not too far below the plane of chords, (r 101). 
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(35) Flexible connections are advisable between floor-beams an<I 
truss members. These should be so arranged that the end connections 
are rigid in a vertical plane but flexible in a horizontal plane, 
(m 268, g 130). 

(36) Floor-beams should be provided with brackets or any other 
saitable construction to prevent the bending of the horizontal flanges, 
(g 132). 

(37) The stringers should be made heavy and continuous and 
should be designed to transmit the tractive forces to the panel pointi o£ 
the loaded chord instead of to the floor-beams by inserting proper 
tie members between the stringers. (W 400, m 268). 

(38) When the floor-beams extend considerably beloif^r the bottom 
of the stringers they should have stiffeners at or near the stringer 
connection to transmit to the flanges of the floor-beam the bending 
caused by the deflection of the stringers. 

(39) In long-span bridges, stringers should l)e provided with 
expansion joints at intervals of a few panels. (Til 505, r 101). 

(40) The connection of lower laterals to stringers is of doubtful 
value. Owing to the relative movement between the chords and the 
floor system, such a connection would cause considerable lateral bending 
in the stringers. The laterals are therefore Iwtter merely supported on 
the stringers. (Till 104, a6). 



\^A I 



PBOPOBHONINO OF IDEaOEBS 



(41) The more uniform the proportions of a truss, the less, in 
general, will be the secondary stresses. Sudden changes in length, in 
width, or in moment of inertia,iiare likely to result in relatively large 
secondary stresses. (Till 93). 

(42) A reduction of moment of inertia of j any memler tends to 
increase the deflection of that member and reduce that of others. To 
maintain a balance in the fiber stresses themselves, it is necessary to 
make the width of a member correspond in a measure with its momentr 
of inertia. Wide members of small moment of inertia are likely to 
have high secondary stresses; narrow and compact members will have 
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low secondary stresses. This statement does not take account of the 
long column action in compression members, the effects of which tend in 
the opposite directon* (Til 487). 

(43) It is advisable to keep the moments of inertia of web mem- 
bers as small as possible, (t 235). 

(44) The axes of all members of a truss should be in the ^me 
plane and should intersect at a common point at all connections, (m 
267, W 273). 

(45) In any truss, no torsion on any member should be allowed if 
it Clin possibly be avoided; otherwise, the greatest care must'be'feken 
to provide ample strength and rigidity for every portion of the 
strncture affected by such torsion. (W 272). 

(46) If the axes of members do not intersect at one point, 
the secondary stresses developed due to eccentric connections may be as 
high as 1 to 1 1/2 times the primary stresses, (p). 

(47) Excessively deep members should be avoided (W 495). 
especially in tension chords and in chords of trusses with sub-divided 
panels (a 6). However, the members should not be so slender as to 
impair economy of design (k 177) or to reduce the effectiveness of th^ 

riveted connections, (r 95). 

•'.-■* 

(48) To secure a comparatively narrow width, and at the same 
time preserve the stiffness against buckling, a compression membei: may 
be tapered from the center toward both ends, (m 267). 

(49) To avoid excessive bending stresses in posts to which floor- 
beams are riveted, the posts should be made only of moderate width in a 
transverse direction. In the best design these bending sti;esses are 
likely to be as much as 25 per cent of the primary stresses. (Till 
105, g 129). . . 

(50) If the floor-beams connected to the posts are shallow, the 
latter should be given increased sectional areas to provide for th^ 
secon<lary stresses due to the deflection of the floor-beams, (j 401). 

(51) Truss members and J)ortions of truss members should always 
be arranged }n pairs symmetrical about the plane of the truss (W 273). 
This will terid'to 'equalize the stresses^ carried by thfe component parts of 
the member. - ' ' '• - 
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(52) The cross-gections of members should be so chosen that the 
niiiterial i» concentrated as £ar from the neutral axis as possible, thii» 
securing the largest moments of inertia for the smallest over all 
dimensions, (g 129). The cross form is thus the least advantageous 
while a square box form is the most desirable. However, consideration 
must be given to the fact that when the secondary stresses occur 
simultaneously in the plane of the truss and in a cro3S frame, the 
stresses are additive in members of the box type but not in those with 
cross forms, (m 267). 

(53) Since the effect of the hip verticals and suspenders in a 
truss is to pull the chord members out of line, they should be provided 
with liberal cross-sections. (Til 487, a6). 

(54) Where the suspenders are of considerable length and 
attached to the lower chord, it is desirable to make them slightl^f^* 
shorter than the calculated length. (a6). 

(55) Where a top chord in a subdivided truss is supported hy 
means of secondary members, these should be made slightly longer thaix 
tlie calculated length. (a6). 

(56) The secondary stresses in chord members may be reduced by 
the proper selection of cross-sections for the diagonals and their 
attachments to the chords, (r 101). 

(5 7) In case a member is made up of a single part, like an angle, 
the gage lines for rivets should be as close to the gravity axis as 
possible, (p). 

(58) For a truss with built-up, continuous chords and built-up 
diagonals, pin-connected throughout, the secondary stresses will be very 
low if the chords are made sufficiently shallow and the diagonals 
sufficiently wide in the plane of the truss, so as to overcome the pin fric- 
tion, (r 96). 

(59) In oye-bar trusses, the eye-bars should be made as wide as. 
permissible in the plane of the truss, (r 97). 

XXm. DESIGHING OF DETAILS 

(60) Riveted connections must be made concentric by so grouping 
the rivets that they will balance about center-lines and center planes to 
as great an extent as possible. (W 274, g 129), 
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(Gl) The end lateral connections should be as concentric as 
practicable. This is very important in the case of the end panel of 
the lower chord, as eccentric connections at this point result in heavy 
secondary stresses in end posts and lower chords. (TUT 105). 

{62) The use of thick gusset plates and large diameter rivets is 
advisable as this practice will materially reduce the number of rivets 
and the size of the plates, (m 267, W 491). 

(63) In case two gusset plates are used at each joint these shouhl 
be firmly connected together by the use of diaphragm plates. 

(64) In a pin-connected truss, the diameters of the pins should 
not be so large that the friction developed around the joints will 
virtually make the connections rigid. They should therefore be made 
as small as is consistent with the design, (m 268, g 132). 

(65) If the diameter of the pin be made three quarters the width 
of the eye-bar, as is usually done, the secondary stresses developed will 
be about 45 per cent of the primary stresses with the coefficient of 
friction equal to 0. 2. (g 7 J). 

(66) A double pin arrangement has been evolved for bettering 
the pin bearings in cantilever spans, whereby a second pin is placed side 
by side with the bearing in the bottom chord. The object is to relieve 
the bending stresses in the*bottom chord, which would result from the 
simultaneous deflections of the two adjacent spans. (W 1067). 

(67) For lacing of compression members, the arrangement of 
double lacing with transverse cross-bars is advisable. (Til 498). 

(68) Long diagonals which are subject to the bending due to 
deflection of floor-beams should preferably be provided with lacings. 
(J 401). 

(69) For heavy members composed of two parts, one on each 
side of the centre-line, the use of cross diaphragms spaced at 6 to 10 
feet is necessary. (W 506). This not only holds the members true to 
sliape and line but also tends to equalize the stresses in the two 
component parts. 

(70) The use of lug angles for connections is advisable for 
members having single angle sections. 
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ERRATA 

Page Line 

2 21 Comma after "for illustration (Fig. 1)" 

3 13 "Let 12, 13, 14, and 15 be four members" should read 

"Let 12, 13, 14, 15 and 16 be five members" 

4 6 "iJia — ^is" should read "H^^ ~ ^12" 

4 17 "J?i2 - Jffjg" should read "^^3 - B^^'\ "H^^ - 

^1^" should j-ead "H^^ - ^^g" 

5 7 This paragraph should be revised to read as follows: 

"It will be seen m equation (ti) that the first two terms 
of the right hand member represent the work done on 
ends 1 and 2 of beam 12 by M^ ^ and M^ i respectively 
due to angular rcifaktions caused by the respective 
moments— by equation (a) — and the last term is the 
sum of the work done hj M^^ at 1 and M^^^ at 2 
due to the angular rotation caused by the moment at 
the other end. If 5^^ is the angular rotation at 1 
caused by a unit moment at 2 and 5 2 1 ^^ ^^^ angular 
rotation at 2 caused by a unit moment at 1, the total 
angular rotation at 1 due to M^^^ at 2 will be JiJ^i ^12 
and that at 2 due to M^ 2 ^^ ^ ^^^ ^® ^1 2^21* ^^® 
work done by M^^ at 1 due to the action of M^i at 2 
is therefore ^M-^^ -^21 ^12 ^^^ ^^^^ ^7 ^21 ^* ^ ^^® 
to the action of Mj^ at 1 is ^l/gi -^12 ^21* -^^^ ^J 
Maxwell's theorem of reciprocal deflections, 5^2 == ^219 
each being equal to LjGUI, and hence these two kinds 
of work done are equal. The difference of TFjg and 
W^^ is therefore simply the difference of the first two 
terms in the right hand side of the above equation and 

W -W -11- (^i2L_AqiL , 

"if sides," should read "if the sides," 

" J^piml Uirn " should read " - Z^^ U^^ " 

"joint 1 in this case" should read joint I in this case" 

"sides 53 and 52" should read "sides 52 and 53." 
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II ERRATA 



Page Line 

23 8 "rj 2" should read "rj 

24 9 "as rgj, r^^ and r^^ . . " should read "as r^g, r^^ and 
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26 26 "r ,2," should read "r^f^/' 

35 20 "for angles" should read "for the angles" 

40 16 "forth" should read "fourth" 

40 33 "-2.56" should read "-2.46" 

42 20 "0-1.33=:-1.33" should read "0-. 133=:-. 133" 

42 34 "-2.403" should read "-2.405" 

44 14 "above A:" should read "below ^" 

45 17 This equation should be designated as (18) 

46 4 " fifth and sixth columns " should read " sixth and seventh 

columns " 

46 6 "third column" should read "fourth column" 

46 7 "fourth column" should read "fifth column" 

49 30 Insert after "the values of 2;" "multiplied by its 

coefficients" 

50 22 "requird" should read "required" 

Plate II Fig. 20. Letters "3" at the right-angled vertex and "3^" 

between segments b and d omitted in the figure. 

Note 1. The term "contour" used in this paper has a meaning 

different from that used in topographic surveying. 

Note 2. In equation (2), page 4, the sign of 8 A agrees with the 

convention in this paper if for P. plus sign is used to 
denote tension and minus to denote compression. 

Note 3. In Section III, equations (7), (8), (11) and (12) have 

no direct bearing upon the new methods developed in this 
paper and should have been omitted for simplicity. 

Note 4. Before reading Section XI, on General Procedures, it is 

advisable to take up the first two paragraphs of Section 
XIV, on the Construction of Influence Lines. This will 
give a better understanding of the analytic method. 

Tangshan, China, T. E. M. 

March, 1921. 
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